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1 Introduction. 

This exposition paper is devoted to the theory of Abram Vilgelmovich Shtraus 
and his disciples and followers. This theory studies the so-called generalized 
resolvents of symmetric and isometric operators in a Hilbert space. 

The object, which now is called a generalized resolvent of a symmetric 
operator, appeared for the first time in papers of Neumark and Krein in 
40-th of the previous century. At that time it was already known, due 
to the result of Carleman, that each densely defined symmetric operator 
has a spectral function (the term "spectral function" is due to Neumark). 
Neumark showed that each spectral function of a (densely defined) symmetric 
operator is generated by the orthogonal spectral function of a self-adjoint 
extension of the given symmetric operator in a possibly larger Hilbert space 
(Neumark's dilation theorem) [31]. In particular, this fact allowed him to 
describe all solutions of the Hamburger moment problem in terms of spectral 
functions of the operator defined by the Jacobi matrix [311 pp. 303-305]. 
However, as was stated by Neumark himself in his paper [32, p. 285], despite 
of its theoretical generality this result did not give practical tools for finding 
spectral functions in various concrete cases. 

For operators with the deficiency index (1, 1) Neumark proposed a de- 
scription of the generalized resolvents which was convenient for practical ap- 
plications. As one such an application Nevanlinna's formula for all solutions 
of the Hamburger moment problem was derived [32, pp. 292-294]. In 1944, 
independently from Neumark, another description of the generalized resol- 
vents for operators with the deficiency index (1, 1) was given by Krein |17j . 
Krein also noticed a possibility of an application of his results to a study 
of the moment problem and to the problem of the interpolation of bounded 
analytic functions. In 1946 appeared the famous paper of Krein which gave 
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an analytic description of the generalized resolvents of a symmetric operator 
with arbitrary equal finite defect numbers. Also there appeared a description 
of all Il-resolvents in the case that the operator is non-negative (a H-resolvent 
- a generalized resolvent generated by a non-negative self-adjoint extension 
of the given operator). This paper of Krein became a starting point for a 
series of papers devoted to constructions of Krein-type formulas for various 
classes of operators and relations in a Hilbert space, in the Pontriagin space, 
in the Krein space. Among other mathematicians we may mention the fol- 
lowing authors here (in the alphabetical order): Behrndt, Derkach, de Snoo, 
Hassi, Krein, Kreusler, Langer, Malamud, Mogilevskii, Ovcharenko, Sorjo- 
nen, see, e.g.: [19], [20], [23], [21], [10], [27], [11], [8], [23, [30], [3], [9], and 
references therein. 

Starting from the paper of Krein [T7] the theory of the resolvent matrix 
has been developed intensively, see., e.g., papers of Krein and Saakyan [18], 
Krein and Ovcharenko |22j . Langer and Textorius [21], Derkach [7J and papers 
cited therein. Krein-type formulas are close to the linear fractional transfor- 
mation and this fact suggested to apply them to interpolation problems, 
where such form appears by the description of solutions. 

On the other hand, in 1954 , in his remarkable work [37], Shtraus ob- 
tained another analytic description of the generalized resolvents of a (densely 
defined) symmetric operator with arbitrary defect numbers. Characteristic 
features of Shtraus's formula, and of Shtraus-type formulas in general, are 
the following: 

1) An analytic function-parameter is bounded; 

2) The minimal number of all parameters in the formula: an analytic 
function-parameter and the given operator. 

These features allow to solve various matrix interpolation problems, in the 
non-degenerate and degenerate cases. Moreover, these features give possibil- 
ity to solve not only one-dimensional, but also two-dimensional interpolation 
problems and to obtain analytic descriptions of these problems. 

The Shtraus formula set the beginning of a series of papers devoted to the 
derivation of such type formulas for another classes of operators and their 
applications. The content of papers devoted to isometric and symmetric op- 
erators in a Hilbert space is used in preparation of this survey. Formal refer- 
ences and list of papers will be given below. Besides that, we should mention 
papers for the generalized resolvents of operators related to the conjugation, 
see., e.g., papers of Kalinina [16] . Makarova [2H], [26], and references therein. 
We should also mention papers on the generalized resolvents in spaces with 
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an indefenite metric, see, e.g., papers of Gluhov, Nikonov [13], [31], [33], 
Etkin [12], and papers cited therein. 

Notice, that Shtraus-type formulas can be used to obtain Krein-type for- 
mulas, see e.g. [2]. 

Thus, in the theory of generalized resolvents one can see two directions: 
the derivation of Krein-type formulas and the derivation of Shtraus-type 
formulas. The Krein formulas are partially described in books of Akhiezer 
and Glazman [TJ, M.L. Gorbachuk and V.I. Gorbachuk [14J. The Shtraus- 
type formulas can be found only in papers. We think that it would be 
convenient to have an exposition of the corresponding theory with full proofs 
and necessary corrections. 

We omit references in the following text using only known facts from 
classical books. Formal references to all appeared results will be given after- 
wards, in the section "Formal credits". 

We hope that this exposition paper will be useful to all those who want 
to study this remarkable theory. 
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Notations. 

M. the set of all real numbers 

C the set of all complex numbers 

N the set of all positive integers 

Z the set of all integers 

Z + the set of all non-negative integers 

C+ {z G C : Imz > 0} 

C_ {z G C : Imz < 0} 

D {z G C : \z\ < 1} 

T {z G C : \z\ = 1} 

D e {zgC: \z\ > 1} 

T e {zgC: \z\ ^ 1} 

M e {zgC: Imz ^ 0} 

M d the real Euclidean rf-dimentional space, rfeN 

k E0,p means that A; e Z + , A; < p, if p < oo; or G Z + , if 

p = oo 

C KxN the set of all complex matrices of size (KxN), K,N G N 

C^ xAr the set of all non- negative matrices from Cat x at, iV G N 

I N the identity matrix of size (N x N), N G N 

C T the transpose of the matrix C e (K x N), K, N e N 

C* the adjoint of the matrix C E (K x N), K, N e N 

U\ the half-plane C + or C_, which contains a point A G M. e 

Il £ x i z e n A : e < | argz| < n - e}, < e < | , A G M e 

05 (M) the set of all Borel subsets of a set M, which belongs C 

or R d , d G N 

P the set of all scalar algebraic polynomials with complex 

coefficients 

card(M) the quantity of elements of a set M with a finite number 

of elements 

S(D; N, N') a class of all analytic in a domain DCC operator-valued 

functions F(z), which values are linear non-expanding 
operators mapping the whole iV into N', where and 
N' are some Hilbert spaces. 



All Hilbert spaces will be assumed to be separable, and operators in them 
are supposed to be linear. If if is a Hilbert space then 
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(•,•)# the scalar product in if 

|| • \\h the norm in if 

M the closure of a set M C if in the norm of if 

Lin M the linear span of a set M C if 

span M the closed linear span of a set M C H 

E H the identity operator in if, i.e. -EjfX = x, Wx <E H 

Oh the null operator in if, i.e. O^x = 0, Vx G if 

Oh the operator in if with D(oh) = {0}, o#0 = 

Pffj = Pjy the operator of the orthogonal projection on a subspace 
ff x in H 

Indices may be omitted in obvious cases. If A is a linear operator in if, 
then 

D(A) the domain of A 

R(A) the range of A 

KeiA {x e H : Ax = 0} (the kernel of A) 

A* the adjoint, if it exists 

A' 1 the inverse, if it exists 

A the closure, if A admits the closure 

A\ M the restriction of A to the set M C if 

p r (A) a set of all points of the regular type of A 

|| A || the norm of A, if it is bounded 

w. — lim the limit in the sense of the weak operator topology 

s. — lim the limit in the sense of the strong operator topology 

u. — lim the limit in the sense of the uniform operator topology 
If A is a closed isometric operator then 

M ( = M C (A) (E H -(A)D(A), where C G C 

N c = N C (A) H e M c , where (eC 
M M = Mo, (A) R(A) 

N 00 = N 00 (A) HQR(A) 

n c = n ( (v) (Eh-(v)- 1 , cec\T 

If A is a closed symmetric operator (not necessarily densely defined) then 

M Z = M Z {A) (A- zE H )D(A), where * e C 

A/" 2 = if e A^ z , where zGC 

ff 2 = ff 2 (A) (A — zEh) 1 , z G 
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2 Generalized resolvents of isometric and densely- 
defined symmetric operators. 

2.1 Properties of a generalized resolvent of an isomet- 
ric operator. 

Consider an arbitrary closed isometric operator V in a Hilbert space H. As 
it is well known, for V there always exists an unitary extension U, which 
acts in a Hilbert space H D H. Define an operator-valued function R^ in 
the following way: 

R c = R ( (V) = R u;C (V) = P# (E S - (U)" 1 \ H , ( e T e . 

The function is said to be the generalized resolvent of an isometric 
operator V (corresponding to the extension U). 

Let {F t } t £[o,2n] be a left-continuous orthogonal resolution of the unity of 
the operator U. The operator-valued function 

F t = P§F t , te[0,27r], 

is said to be a (left-continuous) spectral function of the isometric operator 
V (corresponding to the extension U). Let F(S), S G 23(T), be the orthogonal 
spectral measure of the unitary operator U. The following function 

F(5)=P§F(5), 5e<B(T), 

is said to be a spectral measure of the isometric operator V (corresponding 
to the extension U). Of course, the spectral function and the spectral measure 
are related by the following equality: 

F(5 t ) = F t , S t = {z = : < <p < t}, t e [0, 2tt], 

what follows from the analogous property of orthogonal spectral measures. 
Moreover, generalized resolvents and spectral functions (measures) are con- 
nected by the following relation: 

r i r 2n i 

(RA g) H = / -d(F(-)h, g) H = / -d(F t /i, g) H , V/i, g e H, 

J7 1 ~ z k Jo 1 ~ ze 

(1) 

which follows directly from their definitions. This relation allows to talk 
about the one-to-one correspondence between generalized resolvents and spec- 
tral measures, in the accordance with the well-known inversion formula for 
such integrals. 
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The generalized resolvents, as it is not surprizing from their definition, 
have much of the properties of the Fredholm resolvent (E^ — ^U)^ 1 of the uni- 
tary operator U. The aim of this subsection is to investigate these properties 
and to find out whether they are characteristic. 

Theorem 2.1 Let V be a closed isometric operator in a Hilbert space H , 
and Rq be an arbitrary generalized resolvent of V . The following relations 
hold: 

1) {zR z - CRf)/ = {z- C)R 2 R C /, for arbitrary z, ( E T e , f E M ( (V); 

2) R = E H ; 

3) For an arbitrary h E H the following inequalities hold: 

Re(R c h,h) H >^\\h\\ 2 H , (EB; 

Re(R ( h,h) H <^\\h\\ 2 H , Ce© e ; 

4) R( is an analytic operator-valued function of a parameter ( in T e ; 

5) For an arbitrary ( E T e \{0} it holds: 

Ra = En — Ri • 

^ c 

Proof. Let U be a unitary operator in a Hilbert space H D H, which 
corresponds to R<^(V). For the Fredholm resolvent IZ^ = IZ^iU) = (E^ — 
(U)^ 1 of the unitary operator U the following relation holds 

zTZ z - (TZ C = {z- ()K Z K C , z,(e T e , 

which follows easily from the spectral decomposition of the unitary operator. 
By applying the operator Pff to the latter relation, we get 

zR z - CRc = {z- ()R z n z,(e T e . 

Taking into account that for an arbitrary element / E M^, f = (E H — (V)gv, 
g v ED(V), holds 

Kef = {E n - CU)-\E H - (V)g v = g v = P§ g v 

= P§ {E n - CU)-\E S - CV)gv = P§(E n - (liy'f = R f /, 
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we conclude that the first property of R 2 is true. 

The second property follows directly from the definition of a generalized 
resolvent. 

Denote by {i^}tg[o,27r] the left-continuous orthogonal resolution of the unity 
of the operator U. For an arbitrary h G H holds 

r-2-K l 

Re(R c h, h) H = Re(n c h, h) n = Re — t d{F t h, h) s 

Jo 1 — C e 

= I 2 |i_ Cett | 2 d(F t h, h) s , C G T e . 
On the other hand, we may write 

(l-\(\ 2 )(lllh,Klh) ii + (h,h) H = / d(flM)jr + (M)g 

./o I 1 — ^ I 

/ 2?r 2 — — £V* 

Consequently, we have 

Re(R c h, h) H = \{{l~ |C| 2 )II^H| + Ml) , C G T e , (2) 

and the third property of the generalized resolvent of an isometric operator 
follows. 

The fourth property follows directly from the same property of the resolvent 
of the unitary operator U . 

Using one more time the spectral resolution of the unitary operator U, we 
easily check that 

K* c + Ki=E s , CeT e \{0}. 
For arbitrary elements /, g from H we may write 

(Rcf,g)H = (K c f,g) s = (f,TV c g) s 

= (/, (E S - fci) g)_= (/, (S H - Ri) </) ff , C G T e \{0}. 

From the latter relation it follows the fifth property of the generalized resol- 
vent. □ 

Theorem 2.2 Let an operator-valued function in a Hilbert space H be 
given, which depends on a complex parameter ( G T e and which values are 
linear operators defined on the whole H . This function is a generalized resol- 
vent of a closed isometric operator in H if an only if the following conditions 
are satisfied: 
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1) There exists a number ( G D\{0} and a subspace L C H such that 

((Rc - Co-Rco)/ = (C - Co)R(R(;J, 

for arbitrary ( G T e and f G L; 

2) The operator Rq is bounded and Rgh = h, for all h G H Q R^ L; 

3) For an arbitrary h G H the following inequality holds: 

Re(R c h,h) H >^\\h\\ 2 H , (eB; 

4) For an arbitrary h G H R^h is an analytic vector-valued function of a 
parameter ( in D; 

5) For an arbitrary ( G D\{0} holds: 

R*/- = Eh — R i . 
s c 

Proof. The necessity of the properties l)-5) follows immediately from the 
previous theorem. 

Suppose that properties l)-5) are true. At first we check that prop- 
erties 1),2) imply R = Eh- In fact, for an arbitrary element h G H, 
h = hi + h 2 , hi G R( L, h 2 G H R^ L, using 2) we may write 

Ri)h = R^hi + Roh 2 = Rohi + h 2 . 

There exists a sequence hi^ n (n G N) of elements of R^L, tending to hi as 
n — > oo. Since hi tTl = i?^ /i,„, /i,„ G L (n G N), by condition 1) with ( = 
and / = /i,„ we get 

— Co-RcoA," = — (oRoRt fi,m n G N. 

Dividing by — (q and passing to the limit as n — > oo we obtain that R^hi = hi. 
Here we used the fact that Rq is continuous. Therefore we get Roh = h. 
By property 4) the following function 

F(():=(R c h,h) H -±\\h\\ H , (eB, 

is analytic and 

1mF(0) = 1m±\\h\\ 2 H = 0. 



11 



From property 3) it follows that 

ReF(C) = Re(R c h,h) H - ±\\h\\ 2 H > 0, ( E®. 

This means that the function F(Q belongs to the Caratheodory class of 
all analytic in D functions satisfying the condition ReF(C) > 0. Functions 
of this class admit the Riesz-Herglotz integral representation. Using this 
representation we get 

(R c h, h) H = F(C) + \\\h\\ 2 H = jf* -A^dafo K h) ' C G °' 

where a(t; h, h) is a left-continuous non-decreasing function on the interval 
[0, 27r], <t(0; h, h) = 0. The function a(t;h,h) with such normalization is 
defined uniquely by the Riesz-Herglotz integral representation. Since 

r 2n i 

/ — t dcr{t-,h,h) = (R c h,h) = {h,Rlh) = (h,h)-(h,Rih), ( G D\{0}, 

Jo 1 ~ C e * " c 

where we used property 5), we get 

(Rih,h) — (h,h)— / = — -da(t;h,h)= / j-—da(t;h,h). 



c 

Therefore 

»27T 



1 - Ce" tt ' ' Jo 1 - =e^ 



r 1 

(R c h, h) H = / — t da{t- h,h), (ET e , he H. 

Jo 1 — s e 

For arbitrary h, g from H we set 

1 1 i 

a(t; h, g) := -a{t; h + g,h + g) - -a(t; h - g,h - g) + -a(t; h + ig,h + ig) 

--a(t;h- g,h- g). 

Then 

f 2w 1 

/ — t da{t- h, g) = {R c h, g) H , ( E T e , h, g E H. (3) 

Jo 1 — <-, e 

The function a(t; h, g) is a left-continuous complex- valued function of bounded 
variation with the normalization cr(0; h,g) = 0. If for the function (R^h,g)n 
there would exist a representation of a type (Ej) with another left-continuous 
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complex-valued function of bounded variation a(t; h, g) with the normaliza- 
tion cr(0; h, g) = 0, then 

/ -^-— t dfi(t ] h,g) = 0, (GT ei (4) 
Jo 1 — s e 

where /x(£; := a(t; h,g) — a(t\ h,g). The function \i is defined uniquely 
by its trigonometric moments = e tkt dfi(t; h, g), k G Z. For |£| < 1, 
writing the expression under the integral sign in as a sum of the geometric 
progression and integrating we get c& = 0, k G Z + . 
For |C| > 1, the expression under the integral sign we can write as 



1 



1 - = 1 - V — e ~ ikt 



and integrating we obtain that = 0, /c G N. 

Thus, the representation <^fy for (R^h, g)u defines the function a(t; h, g) with 
the above-mentioned properties uniquely. 

For an arbitrary Q G T e and g,h G H, taking into account property 5), we 
may write 

r ^^/u = ^ h ) = (9, R*S = (g,h- Rih) 
Jo 1 — s, e c 



(h,g)-(R k h,g)= ^ da(t;h,g)- [*" f { \ K \ 

c Jo Jo 1 — 7 e 



da(t; h,g) 



2- 



da(t; h,g) 



1 - (e u 

By the uniqueness of the representation ([3]) it follows that 



a{t- g, h) = a{t- h,g), h,geH, te [0, 2tt]. 

From representation ([3]) and the linearity of the resolvent it follows that for 
arbitrary cti, a 2 G C and hi,h 2 ,g G H holds 

a(t; otihi + a 2 /i2, g) = otia(t; hi, g) + a 2 a(t; h 2 , g), t G [0, 2tt]. 

Moreover, since the function a(t; h, h) is non- decreasing, the following esti- 
mate is true: 

a(t; h, h) < a(2n; h,h) = / da(r; h, h) = (h, h) H , t G [0, 2tt], he H. 

Jo 

(5) 
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This means that a(t; h, g) for each fixed t from the interval [0, 2ir] is a bounded 
bilinear functional in H, with the norm less or equal to 1. Consequently, it 
admits the following representation 

a(t;h,g) = (E t h,g) H , *e[0,27r], 

where {E t } t£ [ ^n] is an operator-valued function of a parameter t, which 
values are linear non-expanding operators, defined on the whole H . Let us 
study the properties of this operator-valued function. Since 

(E t h, g) = a(t; h, g) = a(t; g, h) = (E t g, h) = (h, E t g), 

for arbitrary h,g G H, the operators E t are all self-adjoint. The function 
(E t h,h) = a(t;h,h) is non- decreasing of t on the segment [0, 2tt], for an 
arbitrary h G H. Since a(0;h,g) = 0, then E = E H , and from §5§ it is 
seen that E 27T = Eh- Taking into account that for arbitrary t G (0, 27r] and 
h,g G H holds 

lim (E s h,g) H = lim a(s;h, g) = a(t;h, g) = (E t h, g) H , 

s— >t-0 s— H-0 

we conclude that E t is left-continuous on the segment [0, 2tt] in the weak 
operator topology sense. Also we have 

\\E t h - E s h\\u = ((Et ~ E s ) 2 h, h) H < ((E t - E.)h, h) H -)■ 0, 

as s — > t — 0. Here we used the fact that for a self-adjoint operator (E t — E s ) 
with the spectrum in [0, 1] holds the inequality from the latter relation. This 
fact follows directly from the spectral resolution of the self-adjoint operator 
[E t — E 8 ). Therefore the function E t is left-continuous on the segment [0, 2tt] 
in the strong operator topology sense, as well. 

Consequently, {E t } te ^ 0; 2 % ] is a generalized resolution of the identity. By 
the well-known Neumark's dilation theorem there exists an orthogonal reso- 
lution of unity {E t }te[o,2n] in a Hilbert space H D H, such that 

Eth = PnEth, t G [0,2tt], h G H. 
From ([3]) and the definition of E t it follows that 

Rc = I T^FTt dE ^ C e T e , h,g G H. (6) 

JO 1 ~ ^ 

Here the convergence of the integral in the right-hand side is understood in 
the sense of the strong convergence of the integral sums. The existence of the 
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integral follows from the corresponding property of the orthogonal resolution 
of the identity E t . 

For arbitrary ( G T e : ( ^ ( ; f G L and g G H, we may write: 



urn cn\f„\ -c r d{E,! ' g) " c [ d{Etl '< g)u 

/" 27r 1 

((C - Co)i2ci2&/, = (C - Co) J {EtRcJ > 9)h ■ 

By the first condition of the theorem we conclude that 



By the continuity from the left of the function E t and the initial condition 
E = 0, the last relation inply that 

£ i _ 1 ^ e . s d(EJ,g) H = (E t R Co f,g) H , t G [0,2tt], / G L, g G ff. (7) 



Therefore 

ft 



/ i- 1 ^ ^^ = E ^f, 1 G [°> 27r W e L. (8) 

From condition 3) of the theorem it follows that the equality R^h = 0, for 
some h G H and (eD, implies the equality h — 0. Thus, the operator i?^ is 
invertible for all ( G D. 

Define the following operator 

with the domain D(V) = Rc, L. For an arbitrary element g G R<; L, g = R$ f, 
f G L, and an arbitrary h G i?, we may write: 

= (Ur<: - E B )f, h) = y ((R Co L h) B - (/, h) H ) H 
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r 2n 

At . 



= / e tt d{E t g 1 h) H) (9) 
where we have used (EJ) in the last equality. Therefore 



/■27T 



Using the latter equality we shall check that the operator V is isometric. In 
fact, for arbitrary gi,g2 € -D(V) holds 

(V 9l , Vg 2 ) H = f V e u d(E t9l , Vg 2 ) H = C e u d( 9l , E t Vg 2 ) H . (10) 
Jo Jo 

On the other hand, for g 2 = R( f 2 , f 2 G L, using the definition of the operator 
V and relation (jHJ) we write 

£^#2 = ~rE t (R io - E t )f 2 = — (E t R CiQ f 2 - E t f 2 ) 
{,0 so 

= — ( [ l —dE s f 2 - [ dE a f 2 } = [ — ( -—dE s f 2 . 

CoVol-Coe" Jo ) Jo l-Coe" 

It follows that 



(#i, E t Vg 2 ) H = (E t Vg 2 , gx) H = J - - 8 d(E a f 2 , gi) H 



= So eiSd So l-\ e^ Erh ' gi)H = So elSd ( Es92 > 9 ^ H 



[ e is (E s g h g 2 ) H , 
Jo 



where we used (j7]) to obtain the last equality. Substituting the obtained 
relation in f jTOj) . we get (V g\,V g 2 )n = (gi,g 2 )H- Thus, the operator V is 
isometric. 

From the definition of the operator V it follows that 

(E H - CoV)g = R£g, g e D{V) = R Co L, 
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and therefore 

(E H - CoV)D(V) = L. 

Consequently, the bounded operator (Eh — Co^)" 1 is defined on the subspace 
L, and therefore it is closed. Hence, V^is closwd, as well. 

Consider a unitary operator U in H, which corresponds to the resolution 
{Et}t<a[o,2w]'- 

p2tt _ 

U = J e u dE t . 

Let us show that U D V. For arbitrary elements g G D(V) and h G H holds 

(Vg,h) H = [ e lt d(E t g, h) H = f e lt d(E t g, h) s = (Ug, h)g = (P§ Ug,h) H , 
Jo Jo 

where we used relation 0. Therefore 

Vg = P§Ug, geD(V). (11) 

Moreover, we have 

\\9\\h = \\Vg\\ H = \\P§Ug\\ H < \\Ug\\ H = \\g\\ H . 
Therefore \\P§Ug\\ H = \\Ug\\ s , and 

P§Ug = Ug, geD(V). 

Comparing the latter equality with ( FTTj) we conclude that U D V. 
From d^J) it follows that 

/•27T | /•27T | 

(R(h,g) H = —gd(Eth,g) H = z z— t d(E t h,g) n 

Jo 1 ~~ ^ e Jo 1 — ( b e 

= ((E s - CU)-% g) n = (P§ (Eg - CU)-% g) H , ( G T e , h, g G H. 

Consequently, R^, ( G T e , is a generalized resolvent of a closed isometric 
operator V. □ 

Let us give conditions for the given operator-valued function to be a 
generalized resolvent of a concrete prescribed closed isometric operator. 

Theorem 2.3 Let an operator-valued function R^ in a Hilbert space H be 
given, which depends on a complex parameter ( 6 T e and which values are 
linear operators defined on the whole H . Let a closed isometric operator V 
in H be given. The function R^, ( & T e , is a generalized resolvent of the 
operator V if an only if the following conditions hold: 
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1) For all ( 6 T e and for all g E D(V) the following equality holds: 

R ( (E H - (V)g = g; 

2) The operator Rq is bounded and R h = h, for all h E H D(V); 

3) For an arbitrary h G H the following inequality holds: 

Re(R < h,h) H >^\\h\\ 2 H , ce»; 

4 ) For an arbitrary h G H R^h is an analytic vector-valued function of a 
parameter ( in D; 

5) For an arbitrary ( G D\{0} the following equality is true: 

R* = E H -Ri. 

^ c 

Proof. The necessity of properties 3)-5) follows from the previous theorem. 
Let R<; be a generalized resolvent of V, corresponding to a unitary operator 
U D V in a Hilbert space H D H . Then 

R C (E H - (V)g = Pf (E S - CUy 1 (E H - C,V)g 

= P§ (E S - CU)' 1 {E H - (U)g = g, gE D(V). 

Therefore condition 1) holds, as well. The second property follows from 
Theorem 12.11 property 2). 

Suppose that conditions l)-5) from the statement of the theorem are 
satisfied. Let us check that for the function R^ conditions 1),2) from the 
previous theorem are true. Choose an arbitrary £ £ Let L := 

(Eh — (oV)D(V). By the first condition of the theorem we may write 

R Co (E H - ( V)g = (E H - CoV)-\E H - ( V)g, g G D(V), 

and therefore 

R Co f = (E H -CoV)- 1 feD(V), f G L; (12) 

f = (E H - CoVjRtJ, fEL. 
R c f = R C (E H - ( V)R C J, /6L,(GT e . (13) 
Let us use condition 1) of the theorem with the vector g = R^ f E D(V): 

R Co f = R ( (E H -CV)R (o f, fEL. 
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Assuming that ( ^ 0, we divide relation ( TT5j) by £ and subtract the last 
relation divided by ( from it. Multiplying the obtained relation by (Xo, 
we get the required equality from condition 1) of Theorem 12.11 In the case 
( = 0, the required equality takes the following form: R^ f = RoRQ f, f G L, 
and it follows directly from the first condition of the theorem with ( = 0, 
g = R C J G D{V). 

By relation (1121) and the definition of L it follows that 

R (0 L = (E H - CoVy'L = D(V). (14) 

Consequently, the second condition of the theorem 12 . 1 1 follows from the second 
condition of this theorem. Observe that conditions 3)-5) of Theorem 12.11 
coincide with the corresponding conditions of this theorem. Thus, applying 
Theorem 12.11 we conclude that the function R^, ( G T e , is a generalized 
resolvent of a closed isometric operator in H . Moreover, in the proof of 
Theorem 12.11 such an operator V\ was constructed explicitly. Recall that its 
domain was R^ L, and 

V x g = ±-{E H - R£)g, g G R Co L. 

Let us check that V = V%. By (JT4T) we see that the domains of the operators 
V and V\ coincide. For an arbitrary g G D(V) = D(Vi), using condition 1) 
we write 

V x g = Ue h - R£)g = Ue h - (E H - ^V))g = Vg. 
(.0 so 

Thus, Vi = V, and therefore the function R^, ( G T e , is a generalized 
resolvent of the operator V. □ 

In conclusion of this subsection, we establish some propositions which will 
be used in what follows. 

Proposition 2.1 Let F(X) be an operator-valued analytic function in a do- 
main DCC, which values are linear bounded operators in a Hilbert space H , 
defined on the whole H . Suppose that at each point of the domain D there 
exists the inverse F^ 1 (X), defined on the whole H . Assume that for each 
X G D there exists an open neighborhood of this point in which ||-F _1 (A)|| is 
bounded, as a function of X. Then the operator-valued function F~ l (X) is 
analytic in D, as well. 

Proof. Consider an arbitrary point /i G D. We may write: 

F-\X) - F-V) = -F-\X)(F(X) - F(fj l ))F' 1 (fj l ), X G D, (15) 
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and therefore 

HF-^A) - F- 1 ^ < \\F-\X)\\ \\F(X) - F(ji)\\ \\F~\fx)\\ 0, 

as A — > fi. Thus, F _1 (A) is continuous in the domain D in the uniform 

operator topology. 

From equality (fT5l) it follows that 



A — [L 



(F-\X) - F~ l Qi)) + F-^F'^F- 1 ^) 



< 



I^V)|| 



*II^V)II 



< 



\F-\X 



X — [L 



(F(X) - F(ji)) - F'(^) 



+ ||F- 1 ( / i)-F- 1 (A)||||F'( / i)ll 



F~ L (n) ^0, 



as A — >■ //. □ 



Proposition 2.2 Lei W be a linear non- expanding operator in a Hilbert 
space H, and f be an arbitrary element from D{W) such that: 



\\wf\\ H = \\f\\ H . 



Then 



(Wf,Wg) H =(f,g)H, VgeD(W). 
Proof. Since W is non-expanding, we may write 

\\(f + g\\H-\\W((f + g)\\ 2 H >0, geD(W), (gC. 

Then 

(C/ + 9,Cf + g)~ (CWf + Wg, (Wf + Wg) = \(\ 2 \\f\\ 2 + 2 Re(C(/, g)) 

+\\9f - IC| 2 ||W7H 2 - 2Re(C(H//, Wg)) - \\Wg\\ 2 
= \\g\\ 2 - \\Wg\\ 2 + 2 Re(([(f,g) - (Wf, Wg)]). 



20 



Thus, we obtain the inequality 

Hsll 2 - \\Wgf + 2Re(C[(/, <?) - (Wf, Wg)]) > 0, g G D(W), ( G C. 

Set C = -k((f,g) - (Wf, Wg)), ken. Then we get 

|M| 2 - \\Wg\\ 2 - 2k\(f,g) - (Wf, Wg)\ 2 > 0, k G N. 

If k tends to the infinity we get (Wf, Wg)n = (f,g)u- 1=1 

Proposition 2.3 Let W be a linear non-expanding operator in a Hilbert 
space H , and V be a closed isometric operator in H . Then the following 
conditions are equivalent: 

(i) W D V; 

(ii) W = V © T , where T is a linear non-expanding operator in H , such 
that D(T) C N (V), R(T) C N^V). 

Proof. (i)=^(ii). Let W D V. For an arbitrary element h G D(V) holds 
Wh = Vh, \\Wh\\ = \\Vh\\ = \\h\\. Applying the previous proposition we 
obtain that 

(Wh, Wg) = (h,g), he D(V), g e D(W). 

Denote M = D(W) fl N (V) C N (V). Then 

(Wh, Wg) = 0, he D(V), g e M. 

Therefore WM C N^V). Set T = The operator T is a linear non- 

expanding operator and D(T) C iV (^), ^(^) Q N^V). 
Choose an arbitrary element / G D(W). It can be decomposed as a sum: 
f = fi + / 2 , where / x G M (F) = / 2 G iV (^). Since / and ft belong 

to Z)(W), then ft belongs, as well. Therefore ft G M. Thus, we obtain: 
D(W) = D(V) © D(T), where the manifold D(T) is not supposed to be 
closed. 

The implication (ii)=>(i) is obvious. □ 

2.2 Chumakin's formula for the generalized resolvents 
of an isometric operator. 

The construction of the generalized resolvents using the definition of the 
generalized resolvent is hard. It requires a construction of extensions of the 
given isometric operator in larger spaces. Moreover, it may happen that 
different extensions produce the same generalized resolvent. A convenient 
description of generalized resolvents in terms of an analytic class of operator- 
valued functions is provided by the following theorem. 
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Theorem 2.4 An arbitrary generalized resolvent of a closed isometric 
operator V, acting in a Hilbert space H, has the following form: 

R c =[E H -C{V®F c )]-\ (16) 

where is a function from <S(B; N (V), N^iy)). Conversely, an arbi- 
trary function F$ G «S(D; Nq(V), Nooiy)) defines by relation n~b}) a gener- 
alized resolvent R^ of the operator V. Moreover, to different functions from 
<S(D; iVo(V), A^oo(y)) there correspond different generalized resolvents of the 
operator V. 

Proof. Let R^ be an arbitrary generalized resolvent of the operator V 
from the statement of the theorem, which corresponds to a unitary extension 
U D V in a Hilbert space H D H . For an arbitrary ( G T e and h G M^(V), 
h = (Eg - (V)f, f G D(V), we may write: 

R c h = P§ (E S - (Uy'h = P§ (E S - C,U)-\E n - (U)f 

= f = (E H -(V)- 1 h; 
R C D(Eh-CV)-\ 
By property 3) of Theorem 12. 11 the operator R^ is invertible for ( G D. Then 

R^D(Eg-CV), (GD. 

Set 

T c = 1 (Eg - R ? - x ) , C e D\{0}. 

The operator is an extension of the operator V. Suppose that a vector 
g £ H is orthogonal to the domain of the operator Tf, i.e. 

o = (RcM)^, V/ieif. 

Then R*-g = 0. Using property 3) of Theorem 12.11 we write 

= (g,R* c g) H = (R ( g,g) H = Re(R ( g,g)g > \(g,g)g > 0. 

Therefore g = 0. Thus, we see that R^H = H. 

Using property 3) with arbitrary h G H we may write 

\\h\\ H = (h,h)g < 2Re(R c h,h)g <2\(R c h,h)g\ < 2\\R ( h\\ H \\h\\ H ; 

\\h\\ H <2\\R c h\\ H , (GD. 
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Consequently, the operator is bounded and 

||R C - 1 ||<2, (6D. (17) 

Since R^ is closed, the operator R^ 1 is closed, as well. Hence, it is defined 
on the whole space H. Thus, we conclude that the operator (( G D\{0}) 
is defined on the whole H. Set 

B c = E H -R-\ CeD, 

and we see that for ( G O\{0} we have = (Tc- Using this fact and the 
equality Ro = Eh, we obtain that is defined on the whole space H, for 
all C G For arbitrary (eD and / G -D(-Bc), / = R-C^j h G H, we write 

||5 C / III = (R ( h ~ h, R c h - h) H = \\R c h\\ H - 2 Re(R c h, h) H + \\h\\ 2 H . 

Using one more time property 3) of Theorem 12.11 we conclude that 

\\B c f\\ H <\\f\\H, 

and therefore \\B^\\ < 1. Taking into account inequality ffTTl) and using 
Proposition 12. II we conclude that the function R^ 1 is analytic in D. Therefore 
the function B^ is also analytic in D, and Bq = 0. By the Schwarz lemma for 
operator- valued functions the following inequality holds: \\B^\\ < (, ( G D. 
Therefore ||T C || < 1, ( G ro\{0}. 

The function B^, as an analytic operator- valued function, can be ex- 
panded into the Maclaurin series: 

oo 
k=l 

where Cf. are some linear bounded operators defined on the whole H. Divid- 
ing this representation by ( for ( ^ 0, we see that the function coincides 
with a Maclaurin series. Defining T$ at zero by continuity, we get an analytic 
function in D. 

Applying to Proposition 12.31 we conclude that 

T c = V © F ( , C e D, 

where is a linear non-expanding operator, defined on the whole Nq(V), 
with values in N^iy). Since is analytic in D, then F^ is analytic, as well. 
Therefore F ( G <S(D; N Q (V), N^V)). By the definitions of the functions T c 
and B^, from the latter relation we easily get formula ffT6j) with ( G D\{0}. 
For C = the validity of ffT6|) is obvious. 
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Let us check the second statement of the theorem. Consider an arbitrary 
function F c 6 <S(D; N (V), N^V)). Set 

T c = V © F ( , (GD. 

The function is an analytic. Observe that there exists the inverse (Eh — 
CT^) -1 , which is bounded and defined on the whole H, since \\(T^\\ < \(\ < 1. 
Moreover, we have 

\\(E H - (T c )h\\ H > \\\h\\ H - \C\\\T c h\\ H \ > (l - |CI)Nk heH,CeV. 

Therefore 

IK^-CTc)- 1 !!^^^, ce©. 

By Proposition 12. 1[ the function — (T^) -1 is analytic in D. Set 

■Rc = - C7c)-\ C e ID), 

and 

R C — E H - Rt, (GD e . 



For the function i?^ conditions 4) and 5) of Theorem 12.31 hold. Let us check 
the validity of the rest of conditions of this Theorem. Condition 1) for ( G © 
follows from the definition of the function R^. Choose arbitrary (eD c and 
g E D(V). Then 

(( i \-'V ( 1 * x_1 

Re = E H — Ri = Eh — Eh — =T\ = E H — E H — -jTl 

c \V C ( J J V C c 

:Ti* ( E H - tTi* ^ 
Rc,(Eh - (V)g = -(R ( (e h - ^V- 1 ^ Vg 

= Tt (e h - ~ c Tt\ (e h - ^V'A Vg = g, 

since Tf D V~ l . Thus, condition 1) of Theorem 12.31 is true. Since R = Eh, 

? 

then condition 2) of Theorem 12.31 is true, as well. 
Choose arbitrary h e H and £ e D. Notice that 

Re(R c h, h) = - ((R c h, h) + (h, R c h)) 
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= l - {{{E H - (T^h, h) + (h, (E H - (Tj-'h)} . 
Set f = (E H - (T^h. Then 

Re(R c h, h)= l - {(/, - CT f )/) + - CT f )/, /)} 

= 5 {(/,/) - (/, CT f /) + (/, /) - (CT C /, /)} • 
On the other hand, the following equality is true: 

l(h,h) = ±((E H -(T c )f, (E H -(T c )f) 

= \{(fJ)- (/, W) - (cr f /, /) + |CI 2 l|T ? /f} . 

Comparing last relations and taking into account the inequality |C| 2 ||^c/l| 2 < 
||/|| 2 , we get: Re(R^h,h) > \{h,h). Consequently, condition 3) of Theo- 
rem 12.31 is true, as well. Therefore the function is a generalized resolvent 
of the operator V. 

Let us check the last assertion of the theorem. Consider an arbitrary 
generalized resolvent R^ of the operator V. Suppose that R^ admits two 
representations of a type (|T6|) with some functions and F^. Then 

= = \{Eh - R^kow, C e ©\{0}. 

By continuity these functions coincide at zero, as well. □ 

Formula (1161) is said to be the Chumakin formula for the generalized 
resolvents of a closed isometric operator. This formula contains the minimal 
number of parameters: the operator and the function-parameter F^. Due 
to this fact, it will be not hard to use the Chumakin formula by solving 
interpolation problems. 

2.3 Inin's formula for the generalized resolvents of an 
isometric operator. 

Consider a closed isometric operator V in a Hilbert space H. For the oper- 
ator V we shall obtain another description of the generalized resolvents - 
Inin's formula, see formula (I25p below. It has a less transparent structure, 
but instead of this it is more general and coincides with Chumakin's formula 
in the case zq = 0. Inin's formula turns out to be very useful in the investi- 
gation of the generalized resolvents of isometric operators with gaps in their 



25 



spectrum (by a gap we mean an open arc of the unit circle D, which consists 
of points of the regular type of an isometric operator). 

An important role in the sequel will be played by the following operator: 

V z — (V — zE H )(E H - zV)-\ z G D. (18) 

Notice that D(V Z ) = M z and R(V Z ) = Mi. It is readily checked that the 

z 

operator V z is isometric and 

V = (V z + zE H )(E H + zV z )- 1 = (V z )_ z . (19) 

Moreover, if V is unitary, then V z is unitary, as well, and vice versa (this 
follows from ( fl9|) ). 

Let V z D V z be a unitary extension of the operator V z , acting in a Hilbert 
space H I) H. We can define the following operator 

V = (V z + zE s )(E s + zV z )-\ (20) 

which will be a unitary extension of the operator V in H. Formula (120]) 
establishes a one-to-one correspondence between all unitary extensions V z of 
the operator V z in a Hilbert space H D H, and all unitary extensions V of 
the operator V in H. 

Fix an arbitrary point zq G D. Consider an arbitrary linear non-expanding 
operator C with the domain D(C) = N zo and the range R(C) C iVj^. Denote 



K,c = V Z0 © C; (21) 

V c = V c . zo = (V+ c + -,E H ){E H + ZoV+c)- 1 . (22) 
If zq 7^ 0, we may also write: 

Vc = V C;Z0 = -E H + |ZqI ~ 1 (E h + zoV+c)- 1 ; (23) 

V+c = ~-Eh + 1 -^j^(E H - z V c , Z0 )-\ (24) 



The operator Vc is said to be an orthogonal extension of the closed iso- 
metric operator V, defined by the operator C . 

Theorem 2.5 Let V be a closed isometric operator in a Hilbert space H . 
Fix an arbitrary point zq G D. An arbitrary generalized resolvent of the 
operator V has the following representation: 

R c = [E - QV C(C , Z0) Y\ (eB, (25) 



26 



where C(() = C(£; z ) is a functionfrom «S(D; N ZQ , N±). Conversely, an arbi- 
traryfunction C((;z ) G <S(D; N^, iV_i_) generates by relation [25]) a general- 
ized resolvent R<- of the operator V. To different functions from «S(D; N zo , ) 
there correspond different generalized resolvents of the operator V. 

Proof. Let V be a closed isometric operator in a Hilbert space H, and 
£ ®\{0} be a fixed point. Consider the following linear fractional trans- 
formation: 

/ n U — Zn , . 

t = t(u) = °- 26 

1 — ZqU 

which maps the unit circle T on T, and D on D. 

Let V zo be an arbitrary unitary extension of the operator V zo , acting in a 
Hilbert space H D H, and V be the corresponding unitary extension of 
the operator V, defined by relation (|2"U|) . Choose an arbitrary number u G 
T e \{0,^, i}. Then t = t{u) E T e \{0, -zj, -i}. Moreover, the following 
conditions are equivalent: 

u e T e \{0,^, -}&te T e \{0, -zt, —}. (27) 

We may write: 

(V Z0 - tE^y 1 = ((V - z- E s )(E n - zoV)- 1 
-^-(Eh-^oHEs-ZoV)- 1 ) 1 

1 — ZqU J 

^(V-uE R) (E R -z V^y. 
±^- 2 {E s -z,V){V-uE 5 y l 



Z (1-Z Q U) (1 -ZqU) 2 r j 



i-N 2 " i-Ub 



Therefore 
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1 — z u (1 — z u)(u — Zq) t 

Set u = i, F = £. Observe that u G T e \{0,i,z }, fe T e \{0, -z Q , - = }• 
Moreover, we have 

u G T e \{0, = , z }^te T e \{0, -2 , -=}, (28) 

Zq Zq 

and the latter conditions are equivalent to the conditions from relation (j5 
Then 



Applying the projection operator Pjj to the both sides of the last relation 
we come to the following equality: 

Rff(V) = -J^E H + ^- Nol 2 ) R ~ G TA{Q; ^ Zq}; 

it — {u — zq){1 — zqu) r=ip 2 

(29) 

where R„(V), Rj(\4 ), are the generalized resolvents of the operators V and 
V ZQ , respectively. 

Since Rk(V) is analytic in T e , it is uniquely defined by the generalized re- 
solvent Hj{V Z0 ), according to relation (12"9~|) . The same relation ( I2"9~j) uniquely 
defines the generalized resolvent H^{V Z0 ) by the generalized resolvent R„(V). 
Thus, relation f )29|) establishes a one-to-one correspondence between all gen- 
eralized resolvents of the operator V Zo , and all generalized resolvents of the 
operator V. 

Let us apply Chumakin's formula (JIB]) to the operator V zo : 

Rt(V Z0 ) = [E H - t{V Z0 © F{7))] ~\ te D, (30) 

where F(t) is a function of the class <S(D; iV Z0 , N±). 

Consider relation fl29|) for points u G D\{0, zo}, what is equivalent to the 
condition t G D\{0, — zq}. In this restricted case relation ( j2"9~j) also establishes 
a one-to-one correspondence between generalized resolvents. Using f[2"9~j) , flHUj) 

we get 



R«(V) = 

[U - Z )(l - Z U) [ 1-Z U\ \1-ZqU 



U(l - \zq\ 



1 



, ueB\{o,z }, 

(31) 
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where F(t) G <S(D; N Z0 ,N±). 

Relation (13T|) establishes a one-to-one correspondence between all functions 
F(t) from <S(D; iV 2o , N_l), and all generalized resolvents of the operator V. 

Set C(u) = F(fE%), u G D. Notice that C(u) G S(N ZQ ;N^). We may 
write: 

b» - (v» e f (f^) ) = - f^:. C(i) 

1-Z )l\ \1 — ZqU J J 1 — ZqU 2 °'°W 

= (E^ - 2;oVc'(S);zo)(^H ~ Z Vc(u);z )~ 

— Z Z=z(y C (u);z - ZqE H ){E H - ZQV C (u);z o y l 

1 — ZqII 

1 — |-2o| 2 

= -Z ZZ-^(E H - uV C (u);z )(Eh - ZqV C (u);z Y 

1 — ZqU 

By substitution of the last relation into (13T1) . after elementary calculations 

we get 

Rs(V) = (E H - W C (®; Z0 )-\ u G D\{0, z }. (32) 

Of course, in the case u = relation ( 152"|) is true, as well. It remains to check 
the validity of relation ( I3"2"j) in the case u = z . 

By Chumakin's formula for Hu(V) we see that (R^V)) -1 is an analytic 
operator-valued function in D. Using (132]) we may write: 

(R^V))" 1 = u. - Jim (R^r 1 = E H -u.- Jim uVfya)^, (33) 

M ~>2o U—¥zq 

where the limits are understood in the sense of the uniform operator topology. 
The operator- valued function V£, c ,~, = V zo @ C (u) is analytic in D, and its 
values are non-expanding operators in H. Then 

\\(E H + z V+ c ^)h\\ > \\\h\\ - \zx>\\\V z + o . c(;a) )h\\\ > (1 - \z \)\\h\\, heH; 

\\{Eh + ^W^H < T -^, u G D. (34) 

By Proposition [2J] we obtain that the operator-valued function (Eh+zoV^. c ^) 
is analytic in D. Therefore V C (uy,z = ( v ^-c(u) + zoE H )(E H + zoV+. c ^)~ x is 
analytic in D, as well. Passing to the limit in relation (I3"3"|) we get 

(RzoiV))- 1 = E H - z V c{zo) , zo . 

Thus, relation f[3"2"j) holds in the case u = z , as well. □ 
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2.4 The generalized resolvents of a symmetric opera- 
tor. A connection with the generalized resolvents 
of the Cayley transformation of the operator. 

Consider an arbitrary closed symmetric operator A in a Hilbert space H. 
The domain of A is not supposed to be necessarily dense in H. It is well 
known that for the operator A there always exists a self-adjoint extension A, 
acting in a Hilbert space H D H . Define an operator-valued function Ra in 
the following way: 

R A = R X (A) = R S]X (A) = Pjf(A- \E^ '{h, A G R e . 

The function Ra is said to be a generalized resolvent of the symmetric 
operator A (corresponding to the extension A). The additional index s is 
necessary in those case, where there can appear a muddle with the generalized 
resolvent of an isometric operator. 

Let {E t }tm be a left-continuous orthogonal resolution of the identity of 
the operator A. The operator-valued function 

E t = P§E t , teR, 

is said to be a (left-continuous) spectral function of a symmetric operator 
A (corresponding to the extension A). Let E(S), 5 G 03 (IR), be the orthogonal 
spectral measure of the self-adjoint operator A. The function 

E(6) = P§E(5), 5 G *8(1), 

is said to be a spectral measure of a symmetric operator A (corresponding 
to the extension A). The spectral function and the spectral measure of the 
operator A are connected by the following relation: 

E([0,t)) = E t , teR, 

what follows from the analogous property of the orthogonal spectral mea- 
sures. Moreover, generalized resolvents and spectral functions (measures) of 
the operator A are connected by the following equality: 

(R x h,g) H = [ J—d(E(.)h,g) H = [ -^d(E t h, g) H , Vh,geH, (35) 

which follows directly from their definitions. By the Stieltjes-Perron inversion 
formula this means that between generalized resolvents and spectral measures 
there exists a one-to-one correspondence. 
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For arbitrary elements h,g G H we may write: 

(R x h,g) H = (R x (A)h,g) H = (h,R* x (A)g) H = (h,R x (A)g) s 

= (h,R* x g) H , \ER e , 

where R X (A) = (A — XE^)' 1 is the resolvent of the self-adjoint operator A 
in a Hilbert space H, corresponding to Ra- Therefore 

R% X (A)=R S - X (A), AG M e . (36) 

Choose and fix an arbitrary number z G M. e . Consider the Cayley transfor- 
mation of the operator A: 

U z = U Z (A) = (A- zE H )(A - zEh)- 1 = E h + (z-z)(A- zE h )-\ (37) 

The operator U z is closed and D{U Z ) = Ai z , R{U Z ) = M. z . It is readily 
checked that U z is isometric. Since U z — Eh = (z — z)(A — zEh)' 1 , the 
operator U z has no non-zero fixed points. The operator A is expressed by U z 
in the following way: 

A = (zU z - zE H )(U z - En)' 1 = zE H + (z - z)(U z - E H )-\ 

Let A D A be a self-adjoint extension of the operator A, acting in a Hilbert 
space H D H . Then the following operator: 

W Z = (A- zE s )(A - zE^)- 1 = E h + (z-z)(A- zE h )-\ (38) 

is a unitary extension of the operator U z , acting in if, and having no non-zero 
fixed points. 

Conversely, if there is a unitary extension W z of the operator U z , acting 
in a Hilbert space H and having no non-zero fixed points, then the operator 

A = (zW z - zE H )(W z - EqY 1 = zE H + (z- z)(W z - E H )~\ (39) 

will be a self-adjoint extension of the operator A, acting in H. Thus, between 
self-adjoint extensions A of the operator A and unitary extensions W z of the 
operator U z , acting in H and having no non-zero fixed points, there exists a 
one-to-one correspondence according to formulas (|33|) . (|3"8"|) . 

Theorem 2.6 Let A be a closed symmetric operator in a Hilbert space H , 
which domain is not necessarily dense in H . Let z G M e be an arbitrary fixed 
point, and U z be the Cayley transformation of A. The following equality: 

R U .^(U Z ) = ^E H + (A ~ ^ )(A _~ z) R.. lX (A)> A G lR e \{z, ^}, (40) 

'A-z z - z z - z 
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establishes a one-to-one correspondence between all generalized resolvents 
H S .\(A) of the operator A and those generalized resolvents H U ^(U Z ) of the 
closed isometric operator U z which are generated by extensions of U z without 
non-zero fixed points. 

In the case D(A) = H , equality f^0| ) establishes a one-to-one correspon- 
dence between all generalized resolvents ~R, S .\{A) of the operator A and all 
generalized resolvents H U ^(U Z ) of the operator U z . 

Proof. Choose and fix a point z G R e . Let R s; a(^4) be an arbitrary 
generalized resolventof a closed symmetric operator A. It is generated by a 
self-adjoint operator A D A in a Hilbert space H D H. Consider the Cay- 
leytransformation W z of the operator A, given by fl38|) . As it was mentioned 
above, the operator W z is a unitary extension of the operator U z , acting 
in H, and having no non-zero fixed elements. Consider the following linear 
fractional transformation: 

X-z z(~z 
X-z (-1 

Supposing that A G M. e \{z,z}, what is equivalent to the inclusion ( G T e \{0}, 
we write: 

(E s -CW z y l = ^-^(EQ + iz-z^A-zEs)- 1 )^ * 

((A-XE s )(A-zE s )-^ 



X-z 



z — z 
X-z 



z — z 



(A-zE^A-XEq)- 1 



x -~ z -e s + {x -~ z){x _- z \ a-xe 5 )-\ 



z — z z — z 



Applying the projection operator Pfj to the first and to the last parts of this 
relation we get relation (1401) . The function H U -^(U Z ) is a generalized resolvent 
of U z of the required class. 

Conversely, suppose that H U ^(U Z ) is a generalized resolvent of U z , gener- 
ated by a unitary extension W z ^ U z , acting in a Hilbert space H D H and 
having no non-zero fixed elements. Define the operator A by equality fl39l) . 
As it was said above, the operator A is a unitary extension of A in H. The 
operator W z is its Cayley's transformation. Repeating for the operator A 
considerations at the beginning of the proof we shall come to relation (I4UI) . 
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The bijectivity oof the correspondence (HU1) is obvious. In fact, rela- 
tion (T4U1) connects all values of two generalized resolvents except two points 
where they are defined by the continuity. 

Consider the case D(A) = H. Let H U -^(U Z ) be an arbitrary generalized 
resolvent of the operator U z , which is generated by a unitary extension W z D 
U z , actingjn a_Hilbert space H D H . Let h G H be a fixed point of the 
operator W z : W z h = h. For arbitrary element g G H we may write: 

(h,W z g) s = (W z h,W z g) s = (h,g) s ; 

(h,(W z -E s )g) B = 0, geH. 

In particular, this implies that h _L (U z — Eh)D(U z ) = D(A). Therefore 
h G H © H. Denote by M a set of all fixed elements of the operator W z . 
The set M is a subspace in H which is orthogonal to H. Thus, we have 
H = H © M ® Hi, where Hjjs a subspace in H. 

Consider an operator W z = W z \h@Hi- The operator W z has no non-zero fixed 
points and it is a unitary extension of U z , if it is considered as an operator 
in H © H\. Since for an arbitrary / G H we have: 

(e s - cwy- 1 / = (e H(BHi - cwy- 1 /, 

then the operator W z also generates the generalized resolvent H U ^(U Z ). 
Thus, the set of those generalized resolvents of the operator U z , which are 
generated by unitary extensions without non-zero fixed elements, coincides 
with the set of all generalized resolvents of the operator U z . □ 

2.5 Shtraus's formula for the generalized resolvents of 
a symmetric densely defined operator. 

Consider a closed symmetric operator A in a Hilbert space H, assuming that 
its domain is dense in H, D(A) = H. Fix an arbitrary point z G R e , and 
consider the Cayley transformation U z of the operator A from (I3T1) . 
Let F be an arbitrary linear bounded operator with the domain D(F) = 
K(A) and range R(F) C Af z (A). Set 

U Z , F = U Z , F {A) = U Z ®F. 

Thus, the operator U z -p(A) is a linear bounded operator defined on the whole 
H. This operator has no non-zero fixed elements. In fact, let for an element 
h G H, h = hi + h 2 , h x G M Z {A), h 2 G N Z (A), we have 



= (U z;F (A) — Ejj)h — (U z - E H )hi + Fh 2 - h 2 . 
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The first summand in the right-hand side of the last equality belongs to 
D(A), the second summand belongs to J\f^(A), and the third belongs to 
Af z (A). But in the case D(A) = H the linear manifolds D(A), Af z (A) and 
Af z (A) are linearly independent, and therefore we get an iquality hi = hi = 0. 
Thus, we get h — 0. 

Define the following linear operator in H: 



i-i 



A F = A F:Z = {zU z , F - zE H )(U z . F -E H ) 1 = zE H + (z - z)(U z . F - E Hj 

Notice that the operator Ap tZ is an extension of the operator A. The opera- 
tor Ap = Ap tZ is said to be quasi-self-adjoint extension of a symmetric 
operator A, defined by the operator F. We outline the following prop- 
erty: 

A* Fz = lE H + {-z-z){U;. F -E H y l = zE H + {z-z){U; l ®F*-E H )- 1 = A F » rz . 

(41) 

Theorem 2.7 Let A be a closed symmetric operator in a Hilbert space H 
with the dense domain: D(A) = H. Fix an arbitrary point X G R e . An 
arbitrary generalized resolvent H s -\ of the operator A has the following form: 

^=irt' t £U J'\ (42) 



^f*(a) - *e h j , A g n Ao 

where F(X) is a function from S(Il\ ;Af\ ,Afj^). Conversely, an arbitrary 
function F(X) G S(H\ ;J\f\ ,J\fj^) defines by relation ffilfy a generalized re- 
solvent R s; a of the operator A. To different functions from S(Tl\ ;J\f\ ,J\fj^) 
there correspond different generalized resolvents of the operator A. Here U\ 
is that half-plane of C + and C_, which contains the point Ao- 

Proof. Let A be a closed symmetric operator in a Hilbert space H, 
D(A) = H, and Ao G lR e be a fixed point. Consider an arbitrary generalized 
resolvent R s; a(v4) of the operator A. Let us use Theorem 12.61 with z = Ao- 
From equality (jlDl) we express R s; a(A): 

R S ;a(^) = 77 ^~ A ° - : U^(U Xo ) - ^=E H ) , A G M e \{A ,M. 

[A — Ao){A — Ao) \ 'A-A Ao — Ao / 

Observe that the linear fractional transformation £ = ^= maps the half- 
plane U\ on D (and 1 on T). Thus, we can restrict the last relation and 
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consider it only for A G n Ao \{A }. In this case we may apply to the general- 
ized resolvent R . \-\o (U\ n ) Chumakin's formula (ITB|) . Then 



R S ;A(^4) 



Aq — Aq 



(A-A )(A-A ) 



A-A 



E 



H 



X — Aq a ~ a o 



A g n Ao \{A }, 



-I -1 



Ao — Ao 

where $^ is a function from S(H);J\f\ (A),J\fj^(A)). Denote 

F{\) = Sa-^, A G n Ao . 

A-A 

Notice that F(X) G <S(n Ao ; -A/" Ao (A), -A%(A)). Then 

Aq — A 



(43) 



R s; a(^) 



(A-A )(A-Ao) 



-i -1 



Ao — Aq 



1 



E u -^^(U Xo ®F(X)) 



A- A 



o 



A -A n 



E n - ^^(*7 Ao © F(A)) 



+ (*7 Ao © F(A))) 



A-A 
A-A 



A - A 



A-A 

A g n Ao \{A }. 

In the half-plane II Ao the following inequality holds: 

A-A 



^(C/ Ao ©F(A)) 



(44) 



< 1, 



a g n Ao . 



A-A 

Consider the open neighborhood of the point Aq: 



£>(A ) 



z g n 



\ z - Ao| < 2 Im Ao 



In the closed neighborhood D(X ) the function 
tains its maximal value g < 1. Therefore 



A-Aq 
A-A () 



is continuous and at- 



A-Ac 

A - An 



< q < 1, AG D(X C 
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For an arbitrary element h G H we may write: 



E ll -^^(U Xo ®F(\)) 



A-A 



> 



A - Ar 



A -A n 



\\(U Xo ($F(\))h\\ 



> (1 - q)\\hl 



and therefore 
Eh 



A — Aq 



< 



\ED(\ ). 



Applying Proposition ^, ll we conclude that the function 



E 



H 



A-Aq 
A-Ao 



(U Xo ®F(X)) 



is analytic in D(X ). Passing to the limit in relation ( 14~4|) as A — > Ao we obtain: 

1 



An — Ar 



-E H + (U Xo ®F(X ))). 



Thus, relation (jUJ) holds for A = Ao, as well. 

In our notations, maid at the beginning of this subsection, we have U Xo © 
F(A) = U Xo; F( X y According to our above remarks U Xq] f(x) has no non-zero 
fixed elements. Therefore there exists the inverse 



R-UA) = (A - Ao) 



E H - ~ = U Xo]F (\) {U Xo - F (X) - E H ) 

A — Ao 

= [XE H — A E H — aU Xo - F (X) + A U Xo . i f(X)] (U Xo] F(X) — E H ) 

= —\E H + [aoU Xq -f(x) — a E h ] (U Xq] f(x) — E H ) 

= —XE H + A F (xy,x , A G I1a . 

From this relation we conclude that (|42|) holds for A G H Xo - 

Suppose now that A is such that A G II Ao . Applying the proved part of 
the formula for A we get 



R 



s;A 



A F (X) ~ A-Ef/ 



Using property (13"6T) of the generalized resolvent and using relation ( 14 ip we 
write 



A F(X) ~ XE H 



A F *(x) - ^E H 



Consequently, relation 



for A G Il Ao is true, as well. 
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Conversely, let an operator- valued function F(X) G «S(II Ao ; N\ , Nj^) be 
given. Set 

The function $(C) belongs to <S(B; N\ (A), Afj^A)). By Chumakin's for- 
mula (TT6"j) . to this function there corresponds a generalized resolvent H U ^(U\ ). 
Define a generalized resolvent R s; a(^4) of the operator A by relation fj43l . 
Repeating for the generalized resolvent R s; a(v4) considerations after (j4~3l) we 
come to relation fH2|) . Therefore the function F(X) generates by relation fj42|) 
a generalized resolvent of the operator A. 

Suppose that two operator- valued functions F 1 (X) and F 2 (X), which be- 
long to S(Il\ ;Af\ , AA^-), generate by relation (H2l) the same generalized re- 
solvent. In this case we have 

(A Fl (\) - XEh)' 1 = (A F2{X ) - XEhY 1 , A G n Ao , 

and therefore 

A Fl (\) = Ap 2 (x), X G I[a . 

From the last relation it follows that Ux o;Fl (x) = Ux o;F2 (x), an d we get the 
equality Fi(A) = F 2 (A). □ 

Formula (1421) is said to be the Shtraus formula for the generalized resol- 
vents of a symmetric operator with a dense domain. 

3 Generalized resolvents of non-densely de- 
fined symmetric operators. 

3.1 The forbidden operator. 

Throughout this subsection we shall consider a closed symmetric operator A 
in a Hilbert space H, which domain can be non-dense in H. 

Proposition 3.1 Let A be a closed symmetric operator in a Hilbert space H 
and zeKf,. Let elements ip G Af z (A) and ip G N-(A) be such that <p — ip G 
D(A), i.e. they are comparable by modulus D(A). Then \\<p\\h — W^PWh- 

Proof. Since D(A) = (U z — Eh)M z {A), then there exists an element 
g G M Z {A) such that 

<P - il> = U z g - g. 

Then 

<p+U z g = tJ; + g. (45) 
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Using the orthogonality of summands in the left and right sides we conclude 
that 

UWh + \\g\\ 2 H = \\f\\ 2 H + \\uA\h = \Wf H + WqWh, 

and the required equality follows. □ 

Corollary 3.1 Let A be a closed symmetric operator in a Hilbert space H. 
Then D(A) Hj\f z (A) = {0}, \/z G R e . 

Proof. If if) G D(A) (lJ\f z (A), then applying Proposition 13. II to elements if> 
and ip = 0, we get if> = 0. □ 

Let z G M e be an arbitrary number. Consider the following operator: 

X z if) = X z (A)if) = <p, i> g A4(A) n (Af z (A) + D(A)) , 

where ip G A^(A): ^ - <f G -D(^)- 

This definition will be correct if an element G A/^ such that if) — ip G -D(^4), 
is unique (its existence is obvious, since if) G (Af-(A) + D(A))). Let G A/^: 
"0 — v?i G -D(A). Then y9 — y?i G -D(A). Since <p — (pi G Af-, then by applying 
Corollary 13.11 we get (p — <pi. 

From Proposition 13 . 1 1 it follows that the operator X z is isometric. Observe 
that D(A) = N z {A)n{N z {A) + D(A)) and R(A) = J\fg(A)n(Af z (A) +D(A)). 
The operator X z = X Z (A) is said to be forbidden with respect to the 
symmetric operator A. 

Now we shall obtain another representation for the operator X z . Before 
this we shall prove some auxilliary results: 

Proposition 3.2 Let A be a closed symmetric operator in a Hilbert space H 
and z G R e . The following two conditions are equivalent: 

(i) Elements if) G M Z {A) and <p G M Z {A) are comparable by modulus D(A); 

(ii) Elements if> G N Z (A) and tp G N Z (A) admit the following representa- 
tion: 

if) = P% z(A) h, p = P^ (A) h, (46) 
where h G H is such that 

PSuA)h = U z P^ z{A) h. (47) 

If these conditions are satisfied, the element h is defined uniquely and 
admits the following representation: 

h = — ^ (A(if) -<p)-zif) + zip) . (48) 
z — z 



38 



Proof, (i) =>■ (ii). As at the beginning of the proof of Proposition 13. 1\ we 
derive formula (j4"5|) . where g G A4 Z (A). Set h = g + if). Applying PJ$ja) ^° 
this equality we obtain the first equality in ( 1461) . From (145]) it follows that 

(f + U z (h - if)) = h. 

The summands in the left-hand side belong to orthogonal subspaces. Ap- 
plying the projection operators P^a) anc ^ -^m-(A)' we °bt a i n the following 
equalities: 

and therefore the second equality in (j4"6"j) is satisfied. Using the latter equality 
and the equality Pj^h = Pm z (9 + fp) = Pm z 9 = 9, we may write 

PMz(A)h — U z g = U z Pj^ z ^h. 

Consequently, relation (|4"7|) is true, as well. 
(ii)^(i). Set g = P&h. Then 

h = P% i h + P%h = g + ij>, 

h = P* r h + P&h = U z g + <p, 

and subtracting last equalities we obtain that if) — ip = U z g — g G D(A). 
Moreover, we have: 

h = g + iP = {U z - E H )-\il) -(p) +1 f,= -^(A - zE H )(if) -<p)+ip, 

z — z 

and relation (148]) follows. □ 

Proposition 3.3 Let A be a closed symmetric operator in a Hilbert space 
H , and zel e . Then 

HQD{A) = {hEH: P^ {A) h = U z P^ (A) h} . 

Proof. For arbitrary elements g G Ai z (A) and h G H we may write: 

(U z g,h) H = (U z g,P^_ {A) h) H ; 

(9,h) H = (g,PM z (A) h )n = (U z g,U z P£t z(A) h) H , 

and therefore 

((U z - E H )g, h) H = (U z g, (P^ - U z P^ z ) h) H . 

If h _L D(A), then the left-hand side of the last equality is equal to zero, 
since (U z - E H )g G D(A). Then (P^ - U z P£ z ) h = 0. ' 

Conversely, if h G H is such that — U z Pj^ z ) h = 0, then we get 

{{U z - E H )g, h) H = 0, g G M Z {A), i.e. h JL D(A). □ 
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Corollary 3.2 Let A be a closed symmetric operator in a Hilbert space H. 
Then (H e D(A)) n M Z (A) = M, VzeR e . 



Proof. Let h E \H Q D(A)J n M Z (A), z E R e . By Proposition the 
following equality holds: 

Pm-{A)^ = U z P}^ z{A )h. 

By Proposition 13.21 we obtain that elements ip := P^, A ^h = and ip : = 
Pjj-(A)h are comparable by modulo D(A). By Proposition 13 . 1 1 we get <p — 0. 
From (jUD it follows that = 0. □ 
Let us check that 

D(X z ) = P» z(A) (HeD(A)), (49) 

X z P» z{A) h = P^ (A) h, hEHO D(Aj. (50) 

In fact, if if) E D(X Z ), then if) E Af z and there exists ip E J\f z such that if) — ip E 
D(A). By Propositions 13.21 and 13.31 we see that there exists h E H D(A): 
if) = P* {A) h. Therefore D(X Z ) C P^ (A) (ff DpJ). 

Conversely, let ip E P" z[A) {H Q D(A)), if) = P% z(A) h, h E He D{A). 
By Propositions 13.21 and 13.31 we obtain that ip and <p := P^-_r A \h are compa- 
rable by modulus D(A). Consequently, we have ip E D(X Z ) and therefore 
P" z{A) (H D(A)) C D(X«). Thus, equality OHD is true. 

For an arbitrary element h E HQD(A) we set ip = P^^h, ip = Pj$, A Ji. 
By Propositions 13.21 and 13. 3\ we have ip — ip E D(A). Therefore ip E D(X Z ) 
and X z ip = ip, and equality (1501 follows. 



3.2 Admissible operators. 

We continue considering of a closed symmetric operator A in a Hilbert space 
.£/\ Fix an arbitrary point z E M. e . As before, X z will denote the forbidden 
operator with respect to A. Let V be an arbitrary operator with the domain 
D(V) C and the range #(V) C The operator V is said to 

be z-admissible (or admissible) with respect to symmetric operator 
A, if the operator V — X z is invertible. In other words, V is admissible 
with respect to the operator A, if the equality Vip = X z ip can happen only if 
ip — 0. Using the definition of the forbidden operator X z , the latter definition 
can be formulated in the following way: V is admissible with respect to the 
operator A, if ip E D(V), Vip — ip E D(A), implies ip = 0. 
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If the domain of the operator A is dense in H, then by (|49l) we get 
D(X Z ) = {0}. Consequently, in the case D(A) = H , an arbitrary operator 
with the domain D(V) C M Z {A) and the range R(V) C M Z {A) is admissible 
with respect to A. 

Let B be a symmetric extension of the operator A in the space H. Then 
its Cayley's transformation 

W Z = (B- zE H )(B - zEh)- 1 = E h + {z-z){B- zE h )-\ (51) 

is an isometric extension of the operator U Z (A) in H, which has no non-zero 
fixed elements. Moreover, we have: 

B = (zW z - zE H )(W z - En)" 1 = zE H + (z - z)(W z - E H )-\ (52) 

Conversely, for an arbitrary isometric operator W z D U Z (A), having no non- 
zero fixed elements, by f )52|) one can define a symmetric operator B D A. 
Thus, formula (j51|) establishes a one-to-one correspondence between all sym- 
metric extensions B D A in H, and all isometric extensions W z D U Z (A) in 
H, having no non-zero fixed elements. 

By Proposition 12.3} all such extensions W z have the following form: 

W Z = U Z (A)®T, (53) 

where T is a isometric operator with the domain D(T) C N Z (A) and the 
range RiT) CA^fi). 

Conversely, if we have an arbitrary isometric operator T with the domain 
D(T) C Af z (A) and the range R(T) C Af-(A), then by (\53^ we define an 
isometric extension W z of the operator U Z (A). Question: what additional 
property should have the operator T which garantees that the operator W z 
has no non-zero fixed elements? An answer on this question is provided by 
the following theorem. 

Theorem 3.1 Let A be a closed symmetric operator in a Hilbert space H , 
z G R be a fixed point, and U z be the Cayley transformation of the operator 
A. Let V be an arbitrary operator with the domain D(V) C Af z (A) and the 
range R(V) C M Z {A) . The operator U Z ®V having no non-zero fixed elements 
if and only if the operator V is z-admissible with respect to A. 

Proof. Necessity. To the contrary, suppose that U z © V has no non- 
zero fixed elements but V is not admissible with respect to A. This means 
that there exists a non-zero element if) G D(V) fl D(X Z ) such that Vif> = 
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X z if), where X z denotes the forbidden operator. By (j4"9]) . (J5D]) there exists an 
element h G H D(A): if> = PfttjJi and 



By Proposition 13.31 we obtain the following equality: 



Then 



(U z © V)h = U z P« z(A) h + VP$ z(A) h = P^ (A) h + Pfa A) h = h, 



i.e. h is a fixed element of the operator U z © V. Since we assumed that 
U Z @V has no non-zero fixed elements, then h = 0, and therefore if) = 0. We 
obtained a contradiction. 

Sufficiency. Suppose to the contrary that V is admissible with respect to 
A, but there exists a non-zero element h G H such that 

(U z © V)h = U z P^ {A) h + VP» {A) h = h = P^ (A) h + Pjfa A) h. 

Then the following equalities hold: 

UzPM z ( A )h = PM-(A)h, 
VP M z {A) h = P N-{A) h - 



By Proposition 13.31 and the first of these equalities we get h G H Q D(A). 
By relations (H9|) . (l50|) we see that if) := Pj^, A ^h belongs to D(X Z ), and 

XzP$ z ( A )h = Pu-( A )h = VP$ z ( A )h, 

i.e. Vif> = X z if>. Since V is admissible with respect to A, then if> = 0. 
By the definition of the operator X z , the element tp := X z if> is comparable 
with if) by modulus D(A). By Proposition 13.11 we conclude that tp = 0. By 
Proposition 13.21 and formula (148 p we get h = 0. The obtained contradiction 
completes the proof. □ 



Remark 3.1 The last Theorem shows that formulas l[51\) . low) and / f53j) es- 
tablish a one-to-one correspondence between all symmetric extensions B of 
the operator A in H , and all isometric operators T with the domain D(T) C 
Af z (A) and the range R(T) C N Z (A), which are admissible with respect to A. 
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A symmetric operator A is said to be maximal if it has no proper (i.e. different 
from A) symmetric extensions in H. By the above remark the maximality 
depends on the number of isometric operators T with D(T) C Af z (A), R(T) C 
Afz(A), which are admissible with respect to A. 

Consider arbitrary subspaces of the same dimension: N® G Af z (A) and 
iV° G Nj(A). Let us check that there always exists an isometric operator V, 
which maps on N^, and which is admissible with respect to the operator 
A. In order to do that we shall need the following simple proposition. 

Proposition 3.4 Let Hi and H 2 are subspaces of the same dimension in a 
Hilbert space H . Then there exists an isometric operator V with the domain 
D(V) = Hi and the range R(V) = H 2 , which has no non- zero fixed elements. 

Proof. Choose orthonormal bases {fk}f=o an d {<?fc}fc=o> ^ < °o, in Hi and 
H 2) respectively. The operator 

d d 

u ^2 ak ^ k = ^2 ak3k ' ak e C ' 

k=0 k=0 

maps isometrically Hi on H 2 . Denote 

H = {h G Hi n H 2 : Uh = h}, 

i.e. Hq is a set of the fixed elements of the operator U. Notice that Hq is a 
subspace in H\. Choose and fix a number a G (0, 2ir). Set 

Vh = e ia P^h + UP£ eHo h, he Hi. 

Suppose that g G Hi is a fixed element V, i.e. 

Vg = e ia P%g + UP^ eHo g = g = P^g + Pg} eHo g. 

Since 

(UP£ eHo g, h) = (UP^ eHo g, Uh) = (P£ eHo g, h) = 0, V^e H , 

then UP H ^ QHo g _L Hq, and equating summands in the previous equality we 
ge t ( e - -\)P^g = and UP^ eHo g = P^ eHo g. Therefore P£ QHo g G H , 
and Pul eHo g = 0. Thus, we get g = 0. D 
Consider the following linear manifold: 

M={^e D(X Z ) n N° z : X z ij G N°} . 
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Set 

X z; o = X Z \ M . 

Denote 

N' Z = MC N° z , N' z = R(X Z . ) C N°. 
Since X 2 is isometric, we get 

dim N' z = dim N-. 

Consider an arbitrary isometric operator W, which maps the subspace N z 
on the subspace N% of the same dimention. Set 

K := WN' Z C N%. 

Since W is isometric we get 

dim K = dim iV, = dim N-, dim(iV| 9 If) = dim(iV 2 e iV 2 ). (54) 

We shall say that an isometric operator S corrects X z: q in N^, if the 
following three conditions are satisfied: 

1) D(S) = Ni, R(S) C iV°; 

2) dim(iV° e i?(5)) = dim(iV° 9 A^) ; 

3) S has no non-zero fixed elements in R(X z .q). 

By Proposition 13.41 and the first equality in f )54|) . there exists an isometric 
operator, which maps N~ on K, and has no non-zero fixed elements. By 
the second equality in (|54p condition 2) for this operator is satisfied, as well. 
Therefore an isometric operator correcting X z -o in N® always exists. 

Theorem 3.2 Let A be a closed symmetric operator in a Hilbert space H , 
z G R be a fixed point, N z G Af z (A) and N® G Af z (A) be subspaces of the 
same dimension. 

An arbitrary admissible with respect to A isometric operator V , which 
maps N® on N~, has the following form: 

V = SJQ;®T, (55) 

where S is an isometric operator, which corrects X z -o in N®, and T is an 
isometric operator with the domain D(T) = N z N' z and the range R(T) = 
N°QR(S). 

Conversely, an arbitrary isometric operator S , which corrects X z . in iV|, 
and an arbitrary isometric operator T with the domain D(T) = N®QN' Z and 
the range R(T) = N® Q R(S), generate by relation / f53]) an admissible with 
respect to A isometric operator V, which maps N z on N®. 
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Proof. Let us check the first assertion of the Theorem. Let V be an 
admissible with respect to A isometric operator, which maps N z on iV-9. 
Denote 

Q = V\N' Z , T = V\jyo eN ^, 

and 

S = Q(X^r 1 : NL ->> VN' Z . 

Then 

V = SJQ S ®T. 

The operator S is isometric. Let us check that it corrects X z -q in N®. Since 

dim(A^ e R(S)) = dim(iV| e (VN' Z )) = dim(V(iV° e N' z )) = dim(iV° e N' t ), 

then the second condition from the definition of the correcting operator is 
satisfied. Let ip G R(X z -o) is a fixed element of the operator 5": Sp = 
g(X^)"V = (p. Denote 'ip = (X^rV = X'^ip G M. Then Vip = Qip = 
X z . ip. Since is admissible with respect to A isometric operator then ip = 0, 
and <p = X z . ip = 0. Thus, the operator S corrects X Z]0 in N^. 

Conversely, let S be an arbitrary isometric operator which corrects X z -o 
in N®, and T be an arbitrary isometric operator with the domain D{T) = 
iV° e N' z and the range R(T) = N% Q R(S). Define the operator V by 
relation (|55p . The operator V is isometric and maps N z on N%. Let us 
check that V is admissible with respect to A. Consider an arbitrary element 
ip G D(V) D £>(X 2 ) such that VV> = X z ip. 

At first, we consider the case ip G N' z . In this case we have SX z . ip = X z ip. 
By the definition of the closure of an operator and by the continuity of X z , 
we can assert that there exists a sequence if) n G D(X Z . ), n G N, such that 
ip n —> if), and X z ip n = X z . ip n — > X z . if> = X z ip, as n — > oo. Therefore 
SX z ip = X z if). By the definition of the correcting operator, S can not have 
non-zero fixed elements in R(X z -q). Two cases are posiible: 

1) X z ip G R(X z .q) X z ip = 0. By the invertibility of X z this means that 
ip = 0. 

2) £ R(X Z . ). This means that V £ £>(X Z;0 ). Since ip G £>(X Z ) n N' z , 
then it is possible only in the case X z ip ^ N®. But this is impossible since 
X z if) = Vip G N®. Thus, this case should be excluded. 

Consider the case ip N' z . In this case ip D(X Z . Q ) and ip G N z = D(V). 
By the definition of X 2;0 , it is possible only if X z ip N%. But then the 
equality Vip = X z ip will be impossible, since Vip G iV|. Consequently, the 
case if) ^ N' z is impossible. Thus, we obtain that the operator V is admissible 
with respect to A. □ 
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Corollary 3.3 Let A be a closed symmetric operator in a Hilbert space H. 
The following assertions hold: 

(i) The operator A is maximal if and only if (at least) one of its defect 
numbers is equal to zero. 

(ii) If A is maximal then D(A) = H. 

Proof, (i): Necessity. Suppose to the contrary that A is maximal but its 
both defect numbers are non-zero. Choose and fix an arbitrary number z G 
R e . Let iV° C M Z {A) and N® C Nz(A) be some one-dimensional subspaces. 
By Theorem I3.2[ there exists an operator V, which is admissible with respect 
to A and which maps iV° on N®. By Remark l3.1l it follows that to the operator 
V there corresponds a symmetric extension B of the operator A, according 
to relations (l5Tp - (153"]) . This extension is proper since to A by (l5Tj) - (l5"3"[) there 
corresponds the null isometric operator T . We obtained a contradiction, 
(ii): Sufficiency. Fix an arbitrary number z G K e - If one of the defect 
numbers is equal to zero, then the Cayley transformation U Z (A) does not 
have proper extensions. Consequently, taking into account considerations 
after (I52p . the operator A has no proper extensions. 

(ii). Let A be maximal. From the proved assertion (i) it follows that one of 
the defect numbers is equal to zero, i.e. M Z {A) = {0}, for some z G M e - By 
Corollary 13.21 we may write: 

H D(A) = (H e D{Afj HM Z (A) = {0}, 

D(A) = H. □ 

3.3 Properties of dissipative and accumulative opera- 
tors. 

A linear operator A in a Hilbert space H is said to be dissipative (accu- 
mulative), if lm(Ah, K)h > (respectively lm.{ Ah, h)jj < 0) for all elements 
h from D(A). A dissipative (accumulative) operator A is said to be max- 
imal, if it has no proper (i.e. different from A) dissipative (respectively 
accumulative) extensions in H. 

We establish some properties of dissipative and accumulative operators, 
which will be used later. 

Theorem 3.3 Let A be a closed dissipative (accumulative) operator in a 
Hilbert space H . The following assertions are true: 
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1 ) Points of C_ ( respectively C + ) are points of the regular type of the 
operator A. The following inequality holds: 

\\(A - ^Eh^W < Tj^||, eeC_ (C + ). (56) 

2) Choose and fix a number z from C_ (respectively from C-). Let B be 
a dissipative (respectively accumulative) extension of the operator A in 
the space H . Consider the following operator 

W Z = (B- zE H )(B - zE H )- x = E H + (z-z)(B- zE H )-\ (57) 

The operator W z is a non- expanding extension of the operator U Z (A) = 
(A — ~zEh){A — zEh)~ x H, having no non-zero fixed elements. More- 
over, we have: 

B = (zW z - zE H )(W z - Eh)- 1 = zE H + (z - z)(W z - E H )~\ (58) 

Conversely, for an arbitrary non- expanding operator W z D U Z (A), hav- 
ing no non-zero fixed elements, by one defines a dissipative (re- 
spectively accumulative) operator B D A. Formula |5?| ) establishes 
a one-to-one correspondence between all dissipative (respectively accu- 
mulative) extensions B D A in H , and all non-expanding extensions 
W z D U Z (A) H , having no non-zero fixed elements. 

3) If A is maximal, then (A — zEh)D(A) = H , for all points z from 
C_ (respectively C + ). Conversely, if there exists a point z from C_ 
(respectively C + ) such that (A — z Eh)D(A) = H, then the operator A 
is maximal; 

4) If A is maximal, then D(A) = H. 

Proof. 1) Consider the case of a dissipative operator A. Choose an 
arbitrary point z from C_, z = x + iy, x G K, y < 0. For an arbitrary 
element / G D(A) we may write: 

|| (A - zE H )f\\ 2 H = ((A - xE H )f - zyf, (A - xE H )f - iyf) H 

= \\{A- xE H )f\\l - 2ylm(Af, f) H + y 2 \\f\\ H > y'\\f\\ H . 

Therefore the operator A — zEh has a bounded inverse and inequality (I56p 
holds. 

In the case of an accumulative operator A, the operator —A is dissipative 
and we may apply to it the proved part of the assertion. 
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2) Let z from C_ (respectively from C + ) and B be a dissipative (respectively 
accumulative) extension of the operator A in the space H. By the proved 
assertion 1), the operator W z is correctly defined and bounded. For an arbi- 
trary element g G D(W Z ) = (B - zE H )D(B), g = (B - zE H )f, f G D(B), 
we may write: 

\\W z g\\ 2 H = (W z g, W z g) H = ((B - zE H )f, (B - zE H )f) H 

= \\Bff H - z(Bf, f) H - z(f, Bf) H + \z\ 2 \\f\\ 2 H] 

\\gf H = ((B - zE H )f,(B - zE H )f) H 
= \\Bf\\% - z(Bf, f) H - z(f, Bf) H + \z\ 2 \\f\\ 2 H , 

and therefore 

\\W z g\\ 2 H - \\g\\ 2 H = {z- z)((Bf, f) H - (f, Bf) H ) = 4(Imz) lm(Bf, f) H < 0. 

Since W z —Eh = {z—^){B~zEu)^ 1 ) then W z has no non-zero fixed elements. 
Formula fl58|) follows directly from f l57|h 

Conversely, let W z D U Z (A) be a non-expanding operator having no non- 
zero fixed elements. Define an operator B by equality fl58|) . For an arbitrary 
element / e D(B) = (W z - E H )D(W Z ), f = (W z - E H )g, g G D(W g ), we 
write: 

(Bf, f) H = {{zW z - zE H )g, (W z - E H )g) H = z\\W z gf H - z(W z g, g) H 

-z(g,W z g) H + z\\g\\ 2 H ; 

lm(Bf, f) H = Im(z)||^||l, + Im^ll^l^ = Im(z) (\\W z g\\ 2 H - \\g\\ 2 H ) . 

Consequently, the operator B is dissipative (respectively accumulative). Since 
W z ~D U Z (A), then B D A. The correspondence, established by formu- 
las ( |57|) . (|58|) . is obviously one-to-one. 

3) Suppose to the contrary that the operator A is maximal but there exists 
a number z from C_ (respectively C_) such that (A — zEh)D(A) ^ H. 
Consider the following operator U z = U Z (A) = (A — zE H )(A — zEh) -1 By 
the proved assertion 2), the operator U z is non-expanding and has no non- 
zero fixed elements. Moreover, U z is closed, since A is closed by assumption. 
Therefore U z is defined on a subspace H\ — (A — zEh)D(A) ^ H. Set 
if 2 = H H\ , dim if 2 > 1 • Consider the following operator 

W z :=U Z ®0 H2 . 

The operator W z is a non-expanding extension of the operator U z . Let us 
check that the operator W z has no non-zero fixed elements. Suppose to the 



48 



contrary that there exists a non-zero element h G H such that W z h = h. 
Then h D(U Z ), since U z has no non-zero fixed elements. Let h — hi + h 2 , 
hi €L Hi, h 2 € H 2 , and /12 7^ 0. Then 

W z h = (U z © Ha ){hi + h 2 ) = U z hi = h = hi + h 2 . 

Therefore 

\\hi\\ 2 H > \\U z hi\\ 2 H = \\hi\\ 2 H + \\h 2 \\ 2 H7 

and we get h 2 — 0. The obtained contradiction shows that W z has no non- 
zero fixed elements. By the proved assertion 2) to the operator W z 7^ U z 
there corresponds a dissipative (respectively accumulative) extension B 7^ A 
of the operator A. This contradicts to the maximality of the operator A, and 
the first part of assertion 3) is proved. 

Suppose that we have a closed dissipative (respectively accumulative) 
operator A in a Hilbert space H, and there exists a point zq from C_ (re- 
spectively C+) such that (A — zqEh)D(A) = H. Suppose to the contrary 
that A is not maximal. Let B be a proper dissipative (respectively accu- 
mulative) extension of the operator A. By the proved assertion 2), for the 
operator B there corresponds a non-expanding operator W ZQ from (jSTj) with 
z = Zq, having no non-zero fixed elements. Moreover, we have D(W Zo ) = 
(B-z E H )D(B) D (A-z E H )D(A) = H. Therefore D(W Zo ) = H = D(U Zo ), 
and we get W Zo = U zo , B = A. We obtained a contradiction, since B is a 
proper extension. 

4) Consider an arbitrary element h G H: h _L D(B). Choose and fix an 
arbitrary number z from C_ (respectively C+). By the proved assertion 3), 
the following equality holds: (A — zEh)D(A) = H . Therefore there exists 
an element / G D(A) such that (A — zEh)J = h. Then 

= ((A - zE H )f, f) H = (Af, f) H - z\\f\\ 2 H - 

lm(AfJ) H = lm(z)\\f\\ 2 H . 

Since the left-hand side of the last equality is non-negative (respectively non- 
positive), and the right-hand side is non-positive (respectively non- negative), 
then / = 0. □ 

Remark 3.2 Consider a closed symmetric operator A in a Hilbert space 
H . Choose and fix a number z from C_ (C-). Let B be a dissipative 
(respectively accumulative) extension of the operator A in H . By asser- 
tion 2) of Theorem Iff. 31 for it there corresponds a non-expanding operator 
W z from (57\ ), having no non-zero fixed elements. By Proposition \2.3l such 
extensions W z D U Z (A) have the following form: 



W Z = U Z (A)®T, 



(59) 
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where T is a linear nonexpanding operator with the domain D(T) C J\f z (A) 
and the range R{T) C Af-^(A). By Theorem VS. 1\ it follows that T is admissible 
with respect to the operator A. 

Conversely, if we have an arbitrary non-expanding operator T , with the 
domain D(T) C M Z {A), the range R(T) C N Z {A), admissible with respect to 
A, then by / f5Pj) one defines a non-expanding extension W z of the operator 
U Z (A). By Theorem \3.1\ this extension has no non- zero fixed elements. Thus, 
there is a one-to-one correspondence between admissible with respect to A 
non-expanding operators T and non-expanding operators W z D U Z (A) without 
non-zero fixed elements. 

Using the proved theorem we conclude that formulas (f57|)-( f5^) estab- 
lish a one-to-one correspondence between admissible with respect to A non- 
expanding operators T, D{T) C Af z (A), R(T) C Af z (A), and dissipative (re- 
spectively accumulative) extensions of the closed symmetric operator A. 

3.4 Generalized Neumann's formulas. 

The classical Neumann's formulas describe all symmetric extensions of a 
given closed symmetric operator A in a Hilbert space H in the case D(A) = 
H. The following theorem provides a description such extensions without 
the assumption D(A) = H, and it describes dissipative and accumulative 
extensions of A, as well. 

Theorem 3.4 Let A be a closed symmetric operator in a Hilbert space H , 
and z from C_ (C + ) be a fixed number. The following formulas 

D(B) = D(A) + (T — E H )D(T), (60) 

B(f + T4>-ij) = Af + zTij -zij, f G D(A), ij e D(T), (61) 

establish a one-to-one correspondence between all admissible with respect to 
A isometric operators T, D{T) C M Z {A), R(T) C Af z (A), and all symmetric 
extensions B of the operator A. Moreover, we have 

D(T) = N Z {A) n R(B — zE H ), (62) 

T C (B -zE H )(B - zE H )-\ (63) 

A symmetric operator B is: closed / closed and maximal / self-adjoint, if and 
only if respectively: D(T) is: a subspace / D{T) = Af z (A) or R(T) = Af z (A) 
/ D{T)= N Z {A) and R{T) = N Z {A). 

Formulas / fgQj ). I[6l\) define a one-to-one correspondence between all admis- 
sible with respect to A non-expanding operators T, D{T) C Af z (A), R(T) C 
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M-{A), and all dissipative (respectively accumulative) extensions B of the 
operator A. Also relations [EE) , [U3) hold. A dissipative (respectively accu- 
mulative) operator B : closed / closed and maximal, if and only if respectively: 
D{T) is: a subspace / D{T) = Af z (A). 

Proof. Let A be a closed symmetric operator in a Hilbert space H, and z be 
from C_ (C + ). By Remark 13.11 formulas (I5TT) . (1521) and (1531) establish a one- 
to-one correspondence between all symmetric extensions B of the operator A 
in H, and all isometric operators T with the domain D(T) C M Z {A) and the 
range R(T) C J\f z (A), which are admissible with respect to A. Let us check 
that formulas fl52|) . fl53|) define the same operator B, as formulas f )60|) . floTj) . 
Let the operator B be defined by formulas fl52|) , fl53|) . The domain of B is 

D(B) = (W z - E H )D(W Z ) = {U Z ®T- E H )(D(U Z ) + D(T)) 

= (U z - E H )D{U Z ) + (T — E H )D(T). 

If / G (U z - E H )D(U Z ) fl (T — E H )D(T), then / = (U z - g G D(C^), 

and / = (T - /i G £>(T). Then 

(C^©T-^)(^-/i) = /-/ = 0, 

i.e. g — h is a fixed element of the operator W z . Since W z has no non-zero 
fixed elements, we get g = h. Since g _L h, then (7 = and / = 0. Thus, for 
the operator B holds fl60|) . 

Consider arbitrary elements / G D(A) and r/> G -D(V). Then 

B(f + V4,-iP) = Bf + B(V - E H )t(j = Af + B(W Z - E h )^j 

— Af + (zW z - zE H )tl) = Af + zVtp - ztp, 

and therefore formula floT]) holds, as well. 
Since 

N Z {A) n{B- zE)D(B) = Af z (A) n D(W Z ) = N Z {A) n + D(T)) 

= AT z (A)nD(T) = D(T), 

then relation (|62|) holds. Relation (|63|) means that T C W z . 

If the operator 5 is closed, then W z is closed, as well. Since W z is 
bounded, it is defined on a subspace. Therefore D{W Z ) = R(B — zEh) 
is closed, D(T) = M Z {A) fl R(B — zE H ) is closed and it is a subspace. 

Conversely, if D{T) is a subspace then the direct sum JA X (A) © D(T) = 
D(W Z ) is closed. Therefore the operators W z and B are closed. 
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By Corollary 13.31 a closed symmetric operator B in a Hilbert space H is 
maximal if and only if (at least) one of its defect numbers is equal to zero. 
This is equivqlent to the following condition: D{T) = Af z (A) or R(T) = 
Nz{A). 

If B if self-adjoint then its Cayley's transformation W z is unitary, i.e. 
D{T) = Af z (A) and R(T) = J\f z (A). Conversely, the last conditions imply 
that W z is unitary, and therefore B is self-adjoint. 

By Remark 13.21 formulas f )57|) - fl59|) establish a one-to-one correspondence 
between admissible with respect to A non-expanding operators T, D(T) C 
N Z {A), R(T) C Af-(A), and dissipative (respectively accumulative) exten- 
sions of a closed symmetric operator A. Formulas fl60|) .f l6T|) define the same 
operator B as formulas (|57p - (|59p . It is checked similar as it was done above 
for the case of symmetric extensions. The proof of relations ( 16"2"j) . (16"3"j) . and 
the proof of equivalence: (B is closed) (B is a subspace) are the same. 

Let B be closed and maximal. By assertion 3) of Theorem 13.31 we obtain 
that R(B — zE H ) = (B-zE H )D(B) = H. From QB2H it follows that D{T) = 

Conversely, let D(T) = M Z {A). Then 

(B - zE H )D(B) = D(W Z ) = M Z {A) © D(T) = M Z {A) © Af z (A) = H. 

By assertion 3) of Theorem the operator B is maximal. □ 

Let A be a closed symmetric operator in a Hilbert space H, and z G M e 
be a fixed number. Let T be an admissible with respect to A non-expanding 
operator with D{T) C J\f z (A), R(T) C M Z {A). An extension B of the opera- 
tor A which corresponds to T in formulas f l60|) .f l6T|) we denote by At = At, z 
and call a quasi-self-adjoint extension of a symmetric operator A 
defined by the operator T. This definition agrees with the above given 
definition for the case of a densely defined symmetric operator A. 

3.5 Extensions of a symmetric operator with an exit 
out of the space. 

Let A be a closed symmetric operator in a Hilbert space H. In order to 
construct a generalized resolvent of A, according to its definition, one needs 
to construct self-adjoint extensions A of A in larger Hilbert spaces H D H . 
Choose and fix a Hilbert space H D H. Decompose it as a direct sum: 

H = H®H e , (64) 

where H e = H H. The operator A can be identified with the operator 
A © on e in H, where o# e is an operator in H e with D(ohJ = {0}, o# e = 0. 
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Keeping in mind this important case, we shall now assume that in a 
Hilbert space if of a type ([BP , where H, H e are some Hilbert spaces, there 
is given a symmetric operator A of the following form: 

A = A © A e , (65) 

where A, A e are symmetric operators in Hilbert spaces H,H e , respectively. 
Let us investigate a possibility for the construction of symmetric and self- 
adjoint extensions of the operator A and their properties. In particular, we 
can use the generalized Neumann formulas. 

Fix an arbitrary number z G R e . Since D(A) = D(A) © D(A e ), then it 
can be directly verified that 

M z (A)=M z (A)®M z (Ae), (66) 

M z {A)=M z (A)®M z {A e ), (67) 

X z (A)=X z (A)®X z (A e ), (68) 

where X z (-) denotes the forbidden operator. 

Let T be an arbitrary non-expanding operator in H with the domain 
D{T) = M Z {A) and the range R(T) C Af z (A). With respect to the decompo- 
sition (I67p (for z and ~z) the operator T has the following block representation: 

where T n = P Nt{A) TP Nz{a) , T 12 = P^ {A) TP^ M , T 21 = P mAe) TP Nz(A) , 

T 2 2 = PAf-(A e )TPj<S z ( Ae ). 

By the definition of the admissible operator the operator T is admissible with 
respect to operator A if and only if relation 

if>eD(X s {A)), X z (A)^ = T^j, 

implies ip — 0. Using decompositions ( 1B"S|) . (J51?]) we see that the latter condi- 
tion is equivalent to the following one: relation 

e D(X t (A)), i) 2 G D(X g (Ae)), 

Tn^Pi + T 12 ^j 2 = X z (A)*f>i> T 2i^i + T 22^2 = X z {A e )^fj 2 , (70) 
implies ipi = ip 2 = 0. 

Theorem 3.5 Let A be a closed symmetric operator of the form $UB). where 
A, A e are symmetric operators in some Hilbert spaces H and H e , respectively. 
Let z G R e be a fixed number and T be a non-expanding operator in H = 
H © H e , with the domain D{T) = ftf z (A) and the range R(T) C Af z (A). The 
following assertions are true: 
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1) If T is z -admissible with respect to the operator A, then the opera- 
tors Tu and T 22 are z- admissible with respect to operators A and A e , 
respectively. 

2) If D(A) = H and T 22 is z-admissible with respect to the operator A e , 
then the operator T is z-admissible with respect to the operator A. 

Here operators Tu andT 22 are the operators from the block representation [6ty) 
for T . 

Proof. Let us check assertion 1). Let ip\ be an element from D(X Z (A)) 
such that Tutpi = X z (A)ipi. Since T is non-expanding and the forbidden 
operator is isometric, we may write: 

Ui\\1>\\TH\ 2 = \\TuH\h+\\T2M 2 h 
= \\X z (A)4>i\\ 2 H + \\T 2 M\ 2 H = ll^iHl + ||T 21 Vi||^. 

Therefore T 2 iipi = 0. Set ip 2 = 0. We see that condition ([70]) is satisfied. By 
the condition of the theorem T is admissible with respect to A, and therefore 
ipi = 0. This means that the operator Tu is admissible with respect to A. 
In a similar way, if ip 2 is an element from D(X z (A e )) such that T 22 ip 2 = 
X z (A e )tp 2 , then 

\\H\h > \\TH\ 2 = \\Tl2H\ 2 H + 11^22^2111 
= \\TuMh + \\X z {Ae)M\ 2 H = \\TlM 2 H + \\H\h- 

Therefore T\ 2 ^ 2 = 0. Set ipi = 0. We conclude that condition (T70|) holds. 
Consequently, we get ip 2 = 0. 

Let us check assertion 2). Let ipi G D(X Z (A)), ip 2 G D(X z (A e )), and 
relation f)70p holds. Since D(A) = H, then by (149 p the domain of the operator 
X Z (A) consists of the null element and ipi — 0. The second equality in ( TTOj) 
may be written as 

T 22 ^ 2 = X z (A e )ijj 2 . 

Since T 22 is admissible with respect to A e , we get ip 2 = 0. Consequently, T 
is admissible with respect to A. □ 

Let us continue our considerations started before the formulation of the 
last theorem. Let ipi G M Z {A) and ip 2 G D(X z (A e )) be such elements (for 
example, null elements) that 

T 2 i^i+T 22 ^ 2 = X z (A e )tp 2 . (71) 



Then 



(72) 
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In fact, since T is non-expanding, we have 

+ M\e = \\Tuipi + T l2 ^ 2 \\ 2 H + ||T 21 ^ + T 22 ^j 2 \\ 2 h 
<Wi\\h+ U2\\ h . 

If (ITTj) holds, then since X z (A e ) is isometric we get (1721) . Moreover, if an 
equality ||T'('0i+'02)||j? = ||V'i+V'2||fr holds, then in (T721) we have an equality, 
and vice versa. 

Define the following operator: 

$Vi = Hz; A, T)ipi = TuV>i + T 12 </> 2 , 

where ^ £ A/" 2 (^4) is such an element, for which there exists ip 2 G D(X z (A e )): 

T 2 ii)i + T 22 4> 2 = X z (A e )4> 2 . 

Let us check that this definition is correct. If for %pi G M Z {A) there exists 
another element ip 2 G D(X^(A e )): 

T 2 i^i + T 22 ^2 = X z (A e )%jj 2 , 

then subtracting last relations we obtain that 

T 22 (V 2 -^ 2 ) = X z (A e )(ij 2 -^ 2 ). 

Set ^i=0. We see that equality (ITT]) holds, and therefore inequality fT72|) is 
true and it takes the following form: 

||T 12 (^ 2 -^ 2 )||h<0, 

i.e. Ti 2 ip 2 = Ti 2 ip 2 . Thus, the definition of the operator $ does not depend on 
the choice of ip 2 and it is correct. By (1T2I) the operator $ is non-expanding. 
Moreover, the operator $ is isometric, if T is isometric (what follows from 
the considerations before the definition of $). 

Remark 3.3 If it is additionally known that the operator T 22 is admissi- 
ble with respect to the operator A e , then it exists (X z (A e ) — T 22 ) _1 . Con- 
sider an arbitrary element ip% G -D($). By the definition of $ ; for the 
corresponding to ip% the element ip 2 eqality ( [77] ) holds, and therefore ip2 — 
(X z (A e ) — T 22 ) _1 T 2 i^i. Substitute this expression in the definition of the 
operator $ to obtain the following representation: 

$Vi = T xl ih + T 12 (X z (A e ) - r 22 )- 1 T 21 ^i, Vi e D(*)- (73) 
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Theorem 3.6 Let A be a closed symmetric operator of the form (E3J), where 
A, A e are symmetric operators in some Hilbert spaces H and H e , respec- 
tively. Let z G M e be a fixed number and T be a non-expanding operator in 
H = H@H e , with the domain D(T) = M Z {A) and the range R(T) C Af z (A). 
The operator T is z-admissible with respect to A if and only if the operators 
§(z;A, T) and T 22 are z-admissible with respect to the operators A and A e , 
respectively. Here the operators T 22 is an operator from the block representa- 
tion for T . 

Proof. Necessity. Let an operator T be admissible with respect to A. 
By Theorem 13.51 the operator T 22 is admissible with respect to A e . Consider 
an element fa G D($(z;A,T)) such that <&(z;A,T)fa = X z (A)fa. By the 
definition of the operator <&(z;A, T), the element fa belongs to Af z (A) and 
there exists fa £ D(X z {A e ))\ T 2 \fa -\-T22fa = X z (A e )fa. Moreover, we have 
$(z;A, T)fa = Tufa + Ti 2 fa. Thus, conditions (1701) are true. Since T is 
admissible with respect to A, then these inequalities imply fa = fa = 0. 
Therefore the operator $ is admissible with respect to A. 

Sufficiency. Suppose that $>(z;A, T) and T 22 are admissible with respect 
to A and A e , respectively. Consider some elements fa G D(X Z (A)), ip2 £ 
D(X z (A e )), such that (1701) holds. This relation means that fa G D(<&) and 
$■01 = X z (A)fa. Since $ is admissible with respect to A, then fa = 0. From 
the second equality in (1701) it follows that T 2 2fa = X z (A e )fa. Since T22 is 
admissible with respect to A e , we get fa — 0. Consequently, the operator T 
is admissible with respect to the operator A. □ 

Now we shall obtain a more explicit expression for the domain of $ and 
for its action. 

Theorem 3.7 Let A be a closed symmetric operator of the form (ESP, where 
A, A e are symmetric operators in some Hilbert spaces H and H e , respectively. 
Let z G lR e be a fixed number and T be a non- expanding operator in H = 
H@H e , with the domain D{T) = Af z (A), and with the range R(T) C M Z {A). 
Then 

D($(ar)) = 4) § « ( 74 ) 

A,T)P$ z(A) h = P% T(A) (U z (A)®T)h, h e 2 , (75) 

where 

Q z = {heH: P* e {U z {A)®T)h = P§h}. (76) 
Proof. We shall need the next lemma on the structure of the set B z . 
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Lemma 3.1 In conditions of Theorem 3/7, the set 2 consists of elements 
heH, 

h = 5-i + *0i + g 2 + if) 2 , (77) 
where g x G M Z {A), G M Z {A), g 2 G M z (A e ), ip 2 G M z {A e ), such that 

i) 2 G D(X z (Ae)), X z (A e )tfj 2 = T 21 ^ + T 22 tfj 2l (78) 

92 = Y~S A e ~ zE He ){X z {A e ) - E H2 )^ 2 . (79) 

Proof of Lemma. Consider an arbitrary element /i£9 z . As each element of 
H, the element h has a (unique) decomposition (177)) . Since 

P%h = g 2 + ip 2 , 

P§ e (U z (A) © 7> = P| (E^fo + <? 2 ) + r(^i + fa)) 
= U z (A e )g 2 + T 2 i^i + T 22 i/; 2 , 
then by the definition of the set 2 we obtain: 

U z {A e )g 2 + T 2l ^ 1 +T 22 ^j 2 = g 2 + ^j 2 . (80) 

Then 

T 2 i^i + T 22 ^ 2 - ^ 2 = (£ ffe - U z {A e ))g 2 = {z- z){A e - zE He )- 1 g 2 G D{A e ). 

Since T 21 ^i + T 22 ^ 2 G Afg(A e ), then ^2 G L>pf*(A e )) X 2 (A e )^ 2 = T 2l ^ + 
T 22 ip 2 . From the latter relations it follows (1751). (179)) . 

Conversely, if for an element h G H of form (1781) holds (175)) and (I79p , then 

(£ He - f/ 2 (A e ))(? 2 = {z- z){A e - zE He )- 1 g 2 = {X z (A e ) - E He )^ 2 

= 721^1 + ^22^2 - V>2- 

Therefore equality ( 180)) holds, which means that /i G _D(0 2 ). □ (end of the 
proof of Lemma) . 

By the proved Lemma it follows that if ipi G P^, A ^Q Z , then G Af z (A), 
and there exists element ip 2 G D(X z (A e ) such that X z (A e )ip 2 = T 21 ipi+T 22 ip 2 . 

Conversely, if ipi G Af z (A), and there exists an element ip 2 G D(X z (A e )) 
such that X z (A e )^ 2 = T 21 ipx + T 22 ?/' 2 , then X z (A e )vp 2 - vp 2 G -D(A e ). Define 
#2 by (I79p . and as g\ we take an arbitrary element from Ai z (A). Then 
h := ipi + gi + il) 2 + g 2 e Q z , and therefore G P^ z(j4) 6 2 . 
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Comparing this with the definition of the operator $ we conclude that 
relation (|74|) holds. 

Choose an arbitrary element h G Pjj- f£\®z- By the proved Lemma, it has 
representations (JTT]) . which elements satisfy relations (ITS)) . (179)) . Then 

P&(A)(U Z (A) © T)h = P^ A) T{i) X + V 2 ) = TnV-i + T 12 ^ 2 ; 

A T)P% z{A) h = $(z; A 7>i = T n ^i + 7i 2 ^ 2 , 
and the required equality ( 175]) follows. □ 



Corollary 3.4 In conditions of Theorem 3/7 consider the following operator 
W z = U Z {A) ®$(z;A,T). Then 

D(W Z ) = P§Q Z , (81) 

W z P§h = P§(U z (A)®T)h } heG z . (82) 

Proof. By Lemma 13 .11 we get Ai z (A) C Q z . Therefore 

P|e, = M Z (A) + P$ M) Q Z = M Z (A) + £>($) = £>(W*). 

Let h be an arbitrary element from Q z , having representation (177)1 which 
elements satisfy, according to Lemma 1331 relations (1781) . (179)1 ■ Using (1751) . we 
may write 

W z P§h = (U Z (A) © $(z;A,T)){ gi + ^) = U z (A)gi + P^ (A) /i 

= J^W^M © + pI(a)(u z (A) © t> = p| (u z (A) © r)/i. 

Therefore equality ( 1821 holds. □ 

Consider our considerations interrupted by formulations of the last The- 
orem and its Corollary. In the sequel we assume that the operator T is 
admissible with respect to the symmetric operator A. In this case, by Theo- 
rem [XS] and Remark 13.31 the non-expanding operator A, T) is admissible 
with respect to A and has a representation (173]) . By the generalized Neumann 
formulas (Theorem 13 ,4p . for the operator T it corresponds a quasi-self-adjoint 
extension At of the symmetric operator A. 

Define the operator 53 on the manifold D(At) H H in in the following 
way: 

<Bh = <B(z;A 1 T)h = P§A T h, heD(A T )r\H. (83) 
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Theorem 3.8 Let A be a closed symmetric operator of the form (E3J), where 
A, A e are symmetric operators in some Hilbert spaces H and H e , respectively. 
Let z G M. e be a fixed number and T be a non-expanding operator in H = 
H © H e , with D{T) = Af z (A), R(T) C M Z {A), which is admissible with 
respect to A. The operator 23, defined on the manifold D(At) D H in H by 
equality (E3|), admits the following representation: 

<B{z;A,T) = A< Hz . tA>T) . 

Proof. Consider a set Z , denned by (1761) . This definition we can rewrite 
in another form: 

Q z = h G H : ((U Z {A) © T) - Eg) h G F} . (84) 

Therefore 

((U Z (A) © T) — Eg) Q Z CH. 
Since R ((U Z (A) © T) - %) = £>(^ T ), then 

((U Z (A) ®T)-E s )Q z CHn D{A T ). 

Conversely, an arbitrary element g G H fl D(^4.t) has the following form 
g = ((U Z {A) © T) - Eg) f, f G -ff . By ([8"4]) the element / belongs to the set 
2 . Therefore 

((£/*GA) ©T)-^)0 2 = ffn D(^ r ) = D(*8), (85) 
where the operator 53 is defined by equality (18"3"|) . 

Consider the operator VF 2 from the Corollary 13.41 By f|82p we may write 

{W z -E H )P§h = P% ((U z (A)®T)-E 5 )h=((U z (A)®T)-E 5 )h, h G Q z . 

(86) 

Therefore 

(w,-£? ff )p|e z = £>(»). 

Taking into account relation (IHTT) we get 

(W a -^)D(W,) = £>(»). (87) 

Choose an arbitrary element u G -D(23). By (1851) the element u has the 
following form: u = ({U Z {A) © T) - Eg) h, h G 9 2 . Then 

23u = Pf A T u 
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= P# (z(U z (A) ®T)- zE H ) ((U Z (A) © T) - Eg) _i ((U Z (A) © T) - Eg) h 
= pf (z(U z (A) © T) - zE H ) h = zP§{U z {A) © T)h - zPf /i 

= zW z P§ h - zP§ h = (zW z - zE H )P§ h, 

where we used fl82l) . Since the operator $ is admissible with respect to the 
operator A, then W z has no non-zero fixed elements. By formula fl86l) we get 

= (zW z - zE H )(W z - Eh)- 1 ((U Z (A) © T) - Eg) h 

= {zW z - zE H ){W z - Eh^u = A Hz , A)T) u, u G D(«8). 
Equality (EZJ) shows that D(«B) = P>(A$ (z;AT )). Therefore 03 = A Hz;AT) . □ 

3.6 The operator-valued function *B\ generated by an 
extension of a symmetric operator with an exit out 
of the space. 

Consider a closed symmetric operator A in a Hilbert space P. Let A be a 
self-adjoint extension of A, acting in a Hilbert space H D P. Denote 

£ A = G P>(2) : (2 - AP 5 )/i G p} , A G C; (88) 

£ A = P#£ A , AGC; (89) 

£00 = P(2) n P. (90) 

Notice that the sets £ A , £ A and £oo contain D(A). Since for non-real A for 
the self-adjoint operator A holds (A — \E H )D(A) = H, then 

(2 - \E H )£ X = P, AG E e . (91) 

Observe that 

£ A n (P©P) = {0}, AGM e . (92) 

In fact, if h G £ A n (P © P), then ((2 - AP 5 )/i, % = 0. Therefore = 
lm(Ah,h)g = (lm\)(h,h)g, h = 0. 

Define an operator-valued function *B A = *B A (A,y4) for A G M e , which 
values are operators in P with the domain: 

P(*Ba) = £ A , (93) 

and 

<B A Pf/i = PfA/i, ftG4 (94) 
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Let us check that such definition of the operator 23a_is correct. If an element 
g G £a admits two representations: g = P§h\ = P§h 2 , hi, h 2 G £\, then 

h l -h 2 = PSh x -P§h 2 + P§ Jii - P§ Ji 2 

i ^ H i H t HQH 1 HQH z 

= P neH hl ~ P EeH h i = P Seii( hl ~ 

Therefore h x - h 2 G £ A n (H H). By (|52jl we obtain that h x = h 2 . 

The operator Q3a for each A G M e is an extension of A. Define an operator 

® oo = 23oo(A A) in H in the following way: 

<B 00 = P§Ak ao - (95) 

The operator 23oo is an extension of A, as well. Let us check that 53^ is 
symmetric. In fact, for arbitrary elements f,g G -Coo we may write 

(2W,<7)h = {P§Af,g) H = (Af,g) s = (f,Ag) s 

= (f,P§Ag) H = (f,<B oc g) H . 

We emphasize that the operator Q3oo zs noi necessarily closed. The operator- 
valued function Q3 A and the operator *Boo will play an important role in a 
description of the generalized resolvents of A. 
Notice that 

(A - XE H )h = (23 A - \E H )P§ h, h G £ A , A G M e . (96) 

In fact, by the definitions of the sets £\ and 05 A , for an arbitrary element h 
from £a we may write: 

(2 - A%)/i = P§(A- \E n )h = PgAh- APf /i 

= <B x P§h- XPgh = (03 A - XE H )P§h. 

Let us check that /or A /rom C_ fC+ j the operator 03 A a maximal closed 
dissipative (respectively accumulative) extension of A. In fact, using rela- 
tion fl96|) for an arbitrary element h from £ A we may write: 

(<B x P§h,P§h) H = (<B x P§h,h) H = (Ah - X(E H - P§)h,h) H 

= (Ah,h) H -\\\P§ eH h\\ 2 H . 

Then 

Im(<B x Pljh,P§h) H = -\\PS h\\%hnX, 
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and therefore 03 a is a dissipative (respectively accumulative) extension of A. 
By we get R{*B X -\E H ) = (» A - \E H )Pgl x = (A-XEg)£ x = H. 

Using formula ( 16 2 p and the generalized Neumann formulas for the operator 
03 a it corresponds a non-expanding operator T with D{T) = N Z (A). There- 
fore Q3a is closed and maximal. 

By the fourth assertion of Theorem 13.31 the operator 03 a is densely defined, 
X G R e . 

Consider a generalized resolvent of A which corresponds to the self-adjoint 
extension A: 

R x = Pjj(A-\E n )-\ AG M e . 

Let us check that 

R A = (Xx-XEh)- 1 , AG M e . (97) 

Consider an arbitrary element g G H and denote h = (A — XE H )~ l g, where 
A G R e . Since h G D(A) and (A - XE H )h G H, then h G £ A - Moreover, we 
have P§h = R\g. By f )96l) we may write: 

g = (A-XE s )h = (03 A - XE H )P§h = (03 A - XE H )H x g. 

By the properties of maximal dissipative and accumulative operators (see The- 
orem I3.3p , there exists the bounded inverse (03 A - XEh)- 1 defined on the 
whole H. Applying this operator to the latter equality we get the required 
relation (157)1 . 

By (|97|) it follows that the generalized resolvent H x of the symmetric op- 
erator A is invertible for all X G K e , and the operator R^" 1 is densely defined. 
The operator 53a admits another definition by the generalized resolvent: 

Q3 A = Ra 1 + XE H , X G R e . (98) 

Therefore 

03 A = (R A )- X + XE H = Rz 1 + XE H 

= 03 x , AG M e - (99) 

where we used the property (136]) of the generalized resolvent. 

Choose and fix a number Ao G K e . By Theorem 13 A\ for the operator 53a 
for A G n Af) it corresponds an admissible with respect to A non-expanding 
operator, which we denote by ^(A), with the domain J\f Xo (A) and the range 
in M^A). Namely, we set 

g-(A) = ff(A; X ,A,A) = (03 A -T E H ){% X - X E H )-\ Xo(A) , X G n Ao . 

(100) 
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Notice that 

<8 A = % A) , Ao , Aen v (101) 

i.e. 23 A is a quasi-self-adjoint extension of the symmetric operator A, defined 
by ff(A). 

By the generalized Neumann formulas for the operator 23oo there corre- 
sponds an admissible with respect to A isometric operator = (A ; A, A) 
with the domain D($oo) C iV Ao (A) and the range i2($oo) C A^-(A). This 
operator will be used later. 

Proposition 3.5 Let A be a closed symmetric operator in a Hilbert space 
H , z G M e be an arbitrary fixed number, and T be a linear non-expanding 
operator with D(T) = Af z (A) and R(T) C Af z (A), which is z-admissible with 
respect to A. Then the operator T* is z-admissible with respect to A and 

(A TiZ y = A T * rz . 

Proof. By Theorem 13.41 the operator At, z is maximal dissipative or accu- 
mulative, since D(T) = M Z (A). By Theorem 13.31 we conclude that At )Z is 
densely defined and therefore there exists its adjoint. By fl58l) we may write: 

(A Tig )* = {zE H + {z- z){U z (A) © T - Eh)- 1 )* 

= zE H + (z- z)(U z {A) © T* - E H )-\ 

Consequently, the operator U Z (A) © T* has no non-zero fixed elements. By 
Theorem 13.11 the operator T* is admissible with respect to A, and the last 
equality gives the required formula. □ 

By the proved Proposition and formula fj99|) we may write: 

% = 23 A = (A m>Xo y = A r{x)tJ - o , x e n Ao . 

Let us check that the operator-valued function #(A) is an analytic function 
of A in a half-plane IT Ao . By (1971) we may write: 

23 A - X E H = (23 A - \ E H )R X (<B X - XE H ) 

= ((23a - \E H ) + (A - \ Q )E H ) R A (23 A - \E H ) 

= (E H + (A - A )R A )(23 A - XE H ), A e K e . 

By the maximality of the dissipative or accumulative operator 03a the opera- 
tor (23a — ^Eh)~ 1 exists and it is defined on the whole H. If we additionally 
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assume that A £ II Ao , then the operator (93 A — XqE h ) 1 exists and is defined 
on the whole H, as well. Then the operator 

E H + (X- A )Ra = (23a - \oE H )(<B x - \E H y\ 

has a bounded inverse: 

(^+(A-A )R A )- 1 = (a^-A^X^-Ao^r 1 = ^+(Ao-A)(» A -Ao^) _1 , 
defined on the whole H, for A £ II Ao . By property (155]) we get 

||(^ + (A-A )Ra)- 1 || < l + t^TT, A£lI Ao . 
11 11 1 1m A 1 

By Proposition 12. II the function (Eh + (A — Ao)Ra) _1 is analytic in the half- 
plane I1a . Using relation (l97j) we may write that 

(«B A - T Eh)(<B x - XoEh)- 1 = E h + (Ao - A^)(Q5 A - Aq^)" 1 

= E H + (Ao - Ao")(5B A - XEh^^x - \E H )(<Bx - XoEh)' 1 

= E H + (A - T )R X (E H + (A - A )Ra)" 1 , 

is an analytic function in I1a . Thenthe function 5(A) is analytic in I1a , as 
well. 

From our considerations we conclude that the operator-valued function 
23a admits the following representation: 

where 5(A) is an analytic function of A in the half-plane Il Ao , which values are 
non-expanding operators with D($(\)) = J\f Xo (A) and R($(\)) C Afj^(A), 
admissible with respect to the operator A. 

Our next aim will be derivation of a representation for the operator- valued 
function 5(A), which connects it with the so-called characteristic function of a 
symmetric operator A. The next subsection will be decoted to the definition 
of the characteristic function and some its properties. 

3.7 The characteristic function of a symmetric opera- 
tor. 

Let A be a closed symmetric operator in a Hilbert space H. Choose an 
arbitrary number A £ R e . Notice that the operator T = 0/jl. is admissible 
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with respect to A. In fact, suppose that for some h G H holds (Uj(BT)h = h. 
Let h = hi + h 2 , h x G Mj, h 2 G Nj, then 

(Uj © T)h = Ujhi = h = h 1 + h 2 , 

and therefore 

II^iIIj? = II^a^iIIh = ll^i Hi? + II^Htf- 

Consequently, we get h 2 = 0. Since the operator Uj has no non-zero fixed 
elements, then hi — h — 0. By Theorem 13.11 we obtain that T is admissible 
with respect to A. 

Consider a quasi-self-adjoint extension A x := A 0j ^_j of the operator A. By 

the generalized Neumann formulas for A from C + (C_) the operator A\ is 
maximal closed dissipative (respectively accumulative) extension of A. By 
Proposition 13.51 it follows that 

A \ = A l M _,\ = A 0m x ,\ = A x- 

Moreover, by f l60|) . fl611 we may write: 

D(A x ) = D(A)+Mj(A), (103) 

and 

A \(f + i') = A f + / G D(A), i> G Afj{A). (104) 

Choose and fix an arbitrary number Ao G M e and consider the half-plane 
n Ao containing the point A . If we additionally suppose that A G II Ao , for 
the quasi-self-adjoint extension A\ by the generalized Neumann formulas 
it corresponds a non-expanding operator C(A) with D(C(X)) = Afj^(A), 
R(C(X)) C J\f\ (A). Namely, the operator C(A) is given by the following 
equality: 

C(X) = C(X;X ,A)= (A X -X E H )(A X -T E H )\ M _ {A) , A G n Ao . 

This operator- valued function C(X) in the half-plane I1a is said to be the 
characteristic function of the symmetric operator A. Observe that 

A x = A c(x)- - (105) 

Proposition 3.6 Let A be a closed symmetric operator in a Hilbert space H , 
and A, z G ffi e be arbitrary numbers: X G H z . The space H can be represented 
as a direct sum: 

H = M X {A)+M Z {A)- 
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The projection operator V\ >z in H on the subspace M Z {A) parallel to the 
subspace Ai\(A) (i.e. the operator which to arbitrary vector h G H , h = h± + 
hi, h\ G A4\(A), hi G Af z (A), put into correspondence a vector Vx, z h = hi) 
has the following form: 

V x , z = ^^P& (A) (A Z - zE H )(A z - XE H )-\ (106) 

Proof. Since A z for z from C + (C_) is a maximal dissipative (respectively 
accumulative) extension of A, then there exist the inverses (A z — XEh)^ 1 
and {A z — zEh)~ 1 i defined on the whole H (see Theorem 13. 3p . The following 
operator: 

Sx, z := (A z -XE H )(A--zE H y 1 = E H + (z - \){A--zE H )-\ 

maps bijectively the whole space H on the whole H, and 

Sx, z := (A--zE H )(A--XE H )- 1 . 

By (11041) it follows that (A--zE h )iIj = (z-z)tp, for an arbitrary ij; G N Z (A). 
Therefore (A z — zEh)^ 1 = =^E^f^A)- For an arbitrary g G N Z (A) we may 
write: 

z — A ~z — A 

S\, z g = g + (z- \){A Z - zE H y x g = g + g = g, (107) 

z — z z — z 

to get 

Sx, z M z {A)=M z {A). 
For an arbitrary vector / G D(A) holds: 

Sx, g {A-zE H )f=(A-XE H )f, 

and therefore 

Sx, z M z (A) = Mx(A). 

Choose an arbitrary element h G H, and set / = S^ z h. Let f = fi + fi, 
heM z {A), / 2 eA4(A),then 

h = S X , Z A + S x ,Ji G M\(A) +J\f z (A). 

Therefore H = M X (A) +N Z (A). Suppose that v G M X (A) n H Z {A). Then 
there exist elements u G JA Z (A) and w G M Z {A) such that S\ >z u = v and 
S\ >z w = v. Therefore S\ jZ (u — w) = 0, and by the invertibility of S\ jZ we get 
u = w. Since elements u and w are orthogonal, then u = w = and v — 0. 



66 



Thus, the required decomposition of the space H is proved. Moreover, that 
for the element h holds 

~z — X 

V\ z h = S X)Z f 2 = S\ iZ P Nz ( A) f = S\, z P Nz ( A) S Xz h = - - ^P Mz{A) S Xz h 

= ^P" z (aM-- zE h )(A z - xe h )-\ 

where we used relation f)107p . Thus, equality fl 1 6 j) is proved. □ 

Continue our considerations started before the formulation of the last 
proposition. Define the following two operator-valued functions: 

Q(X)=V XM , K(X) = V XM \ X XeU Xo . 

By representation f 1 1 6 j) it follows that Q(X) and K(X) are analytic in the 
half-plane ITa . In fact, since the operator Aj^ is dissipative or accumulative, 
then estimate (156]) holds. By Proposition 12.11 we obtain that the operator- 
valued function {A- — XE^)' 1 is analytic in H\ . Then the same is true for 
Q(X) and P(A). 

Let us check that for each X G I1a the operator K(X) is non-expanding. In 
fact, for arbitrary A G I1a and if) G Afj^ we can assert that if>—K(X)if> belongs 
to M X (A), and therefore if) - K(X)if) = {A - XE H )f, where / G D(A). Let 
/ = (U X() (A) - E H )h, where h G M Xo (A)- Then Af = (X U Xo (A) - ^E H )h. 
Substituting expressions for / and Af in the expression for if) — K(X)ip we 
get _ 

if) - K(X)iP = (X U Xo (A) - ^E H )h - X(U Xo (A) - E H )h. 

Therefore 

if) + (A - X )U Xo (A)h = K(X)iP + (A - T )h. 

Using the orthogonality of the summands in the left-hand side and also in 
the right-hand side we get 

Mh + |A - Ao| 2 ||^o(^I| 2 h = \\K(X)if)\\ 2 H + \X- T \ 2 \\h\\l. 
Therefore 

\m 2 H -\\mw H = 6x,x \\h\\ 2 H , 

o~\,\ '■= | A — Ao 1 2 — I A — Ao| 2 . It remains to notice that 

<5a,a = | Re A — Re Ao| 2 + | ImA — ImAo| 2 — | Re A — Re Ao | 2 

- |imA-ImA | 2 = |ImA + ImA | 2 -|ImA-ImA | 2 >0, (108) 
since Im A and Im Ao have the same sign. 
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Let us find a relation between the function K(X) and the characteristic 
function C(A). Choose an arbitrary A G H\ and an element ip G Nj^. By 
the Neumann formula (16Ti) we may write: 

^(A)^(-C(A)^ + = - V?(A)V + A ^. 
On the other hand, by ffT05|) . ffT03|) and ffT04j) we get 

Acwx(- c (W + ^ = M-C(\)i> + ^) = A x (f + = A/ + AVi, 
where / G -D(A) and G are some elements: 

-C(X)^j + ij = f + ij 1 eD(A x ). 

Therefore 

-A^C(A)V> + AoV = A/ + AVi. 

Subtracting fron th last equality the previpus one, multiplied by A, we obtain 
that 

(Ac - X)tp -(T - X)C(X)iP — (A — XE H )f. 
Thus, the following inclusion holds: 

(A - A )^ - (A - T )C(X)4> G M X (A). (109) 

Divide the both sides of the last equality by A — Ao and apply the operator 
Vx,x - 

- C(X)^ = 0, 

A — A 

i.e. C(A)V> = jE^Vx^- Therefore 

(7(A) = $-^K(\), X g n Ao . 

A — A 

Since K(X) is analytic in Ux and non-expanding, then the characteristic 
function C(X) is analytic and 



\\C(X)\\< 



X-Xr 



A -A n 



a g n Ao . (no) 



Now we shall obtain another formula for the characteristic function C(X). 
Let A G I1a be an arbitrary number. Let us check that elements if) G Afj^(A) 

and ip G Af\ (A) are connected by the following relation 

(A - A )^ - (A - T )$ G M X (A), (111) 
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if and only if 

The sufficiency of this assertion follows from relation (I109I) . Suppose that 
relation fillip holds. Apply the operator V\\ Q to the both sides of this 
equality: 

(A - \o)V x ,x il> - (A - T )$ = 0, 

and therefore 

$ = ^— ^V x , Xo 4> = C(A)V>, 

A — Ao 

what we needed to prove. 

3.8 A connection of the operator-valued function #(A) 
with the characteristic function. 

Consider a closed symmetric operator A in a Hilbert space H. Let A be a self- 
adjoint extension of A acting in a Hilbert space H 2> H. Choose and fix an 
arbitrary number Ao from K e . For the extension A there correspond operator- 
valued functions <B A = *B\(A, A) and £(A) = #(A; A , A, A) (see (IMD. ffTOO]) ). 

As it was done above, the space H we represent as (IS1| . where H e = 
H H, and the operator A can be identified with the operator A © o# e . 

Consider an operator A of the form (165]) , where A e is a symmetric operator 
in a Hilbert space H e , such that A © A e C A. In particular, we can take as 
A e the operator on e - Thus, the operator A is a self-adjoint extension of the 
operator A. 

By the generalized Neumann formulas, for the self-adjoint extension A 
of A there corresponds an isometric operator T with the domain D{T) = 
J\f\ (A) and the range R(T) = ftfj^(A), haning block representation fl69l) . 
where Tn = P^ A )TP^ A) , T 12 = P M _ (A) TP Mxo{Ae) , T 21 = P M _ iAe) TP MxoiA) , 
T 22 = P M _ (Ae) TP Mxo{Ae) . 

Denote C e (A) := C(A; Ao, A e ), i.e. C e (A) is a characteristic function of the 
operator A e in H e . 

By flBUl) the domain of A consists of elements / of the following form: 

7=/i + /2 + T(^i+^ 2 )-Vi-V 2 

= [/i + T n V>i + Ti 2 ^ 2 - Vi] + [f 2 + T 21 ^i + T 22 V> 2 - M (112) 

where h G D(A), f 2 G T>(A e ), G Af^A), ^2 G A/" Ao (A e ). Notice that 
an expression in the first square brackets belongs to i/, and in the second 
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square brackets belongs to H e . Formula flBTl) gives the following relation for 
the operator A: 

Af = [Ah + Ao(T n ^i + T 12 ij 2 ) - A^i] + \A e h + A (T 21 ^i + T 22 ^ 2 ) - V/> 2 ]. 

(113) 

Here also an expression in the first square brackets belongs to H, and in the 
second square brackets belongs to H e . Recall that the manifold £\ (A G C) 
consists of those elements / G D(A), for which (A — XEg)f belongs to H. 
Subtracting from relation (11131) relation (11121) . multiplied by A, we see that 
the element / of form (II 12p belongs to £a if and only if 

(A e - XE He )f 2 + (Ao - A)(T 2 iVi + T 22 ^ 2 ) - (Aq~ - A)^ 2 = 0. (114) 

Suppose now that A G Tl\ . If relation (I114j) is satisfied then by the 
property of the characteristic function, see the text with formula fillip , we 

get 

V 2 = C e (A)(T 21 Vi + T 22 ^ 2 ). (115) 
Moreover, by (11141) we get 

f 2 = (A e - XEhJ- 1 ((A - A )(T 21 Vi + T 22 ^ 2 ) - (A - A^ 2 ) . (116) 

Since A and Ao lie in the same half-plane, then the number 5\ t \ = \X — 
Ao| 2 _ I A — Ao| 2 is positive, see (I108p . By the property of the characteristic 
function f II 1 j) we obtain that 



|C e (A)|| < 



A- A 



A-A 



< i, a g n 



An- 



The operator C e (A)T 22 may be considered as an operator in a Hilbert space 
Af\ (A e ), defined on the whole J\f\ (A e ). Since T 22 is non-expanding, then 
C e (A)T 22 is contractive and there exists the inverse (E^ (A e ) — C e (A)T 22 ) _1 , 
defined on the whole J\f\ (A e ). By (11 15[) we get 

^2 = (E Mxo(Ae) - C e (A)T 22 )- 1 C e (A)T 21 ^ 1 . (117) 

Conversely, if elements f\ G D(A) and ipi £ -A/ao(A) we choose arbitrarily, 
the element ip 2 we define by (jll7|) . and f 2 we define by (11161) (this is correct 
since (11171) implies (11151) ) and therefore ((A — Xo){T 2 iipi + T 22 ip 2 ) — (A — Ao)^) 

belongs to Ai\(A e )), then the element / of form dl 12[) belongs to £\. 

Thus, the set £a (A G n Ao ) consists of elements / of form (I112p . where fi G 
D(A) and ip\ G J\f\ (A) are arbitrary, ip 2 and f 2 are defined by (H17p .( fTT6|) . 
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Since the domain of 53a is P§£\, and its action is defined by then 
D(23a) consists of elements of form: 

/ = h + Tuipi + T 12 tp 2 - ipi, 

where elements f\ G D(A) and ipi G Af\ (A) are arbitrary, and ip 2 is defined 
by (|117p . Moreover, we have 

Xxf = Ah + A (T n ^i + T 12 ij 2 ) - A^i- 

Substituting an expression for ?/> 2 from (11171) in these expressions we obtain 
that _D(23a) consists of elements of the following form: 

f = fi+ (T u + T 12 (E Mxo(Ae) - C e (A)T 22 )- 1 C e (A)T 21 ) ^ - ^, (118) 

where elements f\ G D(A) and ip\ G A/a (A) are arbitrary. The action of the 
operator 53a has the following form: 

®a/ = AA + Aq (T n +T 12 (^ Ao(Ae) -C e (A)T 22 )- 1 C e (A)T 21 ) -A^0i- (H9) 

Using the obtained expression for the operator 23 a (A G I1a ), we find 
expression for 5(A) = 5(A; Ao, A, A). Since 5(A) has the following form 
(see flTOU]) ): 

5(A) = E Mxq[A) + (Ao - Ao") (23 A - Ao^)- 1 !^^ , (120) 

then we need to define the action of the operator (23a — Ao-Ef/) -1 on the set 
J\f\ (A). By (I119p . for an arbitrary element / G -D(23a) of the form f)118p we 
may write: 

(03a - \ E H )f = (A - \ Q E H )h + (Ao - Ao>i- 

Applying the operator (23a — ^oEh) 1 to the both sides of the latter equality 

we get 

(23 A - Ao^)- 1 ((A - X E H )h + (Ao - A^i) = / 
= fi+ (t u + T l2 (E Mxoi A B ) ~ C e (A)T 22 )^ 1 C e (A)T 21 ) - Vi- 
In particular, choosing fi = we get 

(23 A - A ^r Vi = 7—^= ( Tl1 + T i2(^ Ao( A e) - C e {\)T 22 )- l C e {\)T 21 ) Vi 
Ao — A v y 

- . e A/"a (A). 
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Substituting the obtained relation for the operator (Q3 A — \qE h ) 1 \n x (a) 
into (I120p . we obtain that 

ff(A; A , A, A) = T n + T 12 (E Mxo(Ae) - C e {\)T 22 y l C e {\)T 21l A G n Ao . 

(121) 

This representation will play an important role for the analytic description 
of the generalized resolvents of a symmetric operator A. 

3.9 Boundary properties of the operator- valued func- 
tion #(A): the case of a densely defined symmetric 
operator A. 

Consider an arbitrary closed symmetric operator A in a Hilbert space H, 
having a dense domain: D(A) = H. Let A be a self-adjoint extension of the 
operator A, acting in a Hilbert space H D H. Let us check that 

P§D(A) C D(A*), P§Ah = A*P§h, heD{A). (122) 

In fact, for arbitrary elements h G D(A) and / G D(A) we write: 

(Af 7 P§h) H = (Af,h) s = (1/,% = (/,!% = (f,P*Ah) H , 
and the required relation follows. Using (I122p we may write: 

Ah = A*P§h + P§ QH Ah, h G D(A). (123) 

Consider the sets £\, £\ and £oo, defined by equalities fl88|) - fl90|) for A G 
C. By the definition of £\, for an arbitrary element g from £a it holds: 
= Pf M - XEfr)g = P§ Ag - \P& a, i.e. 

HQH K HIV HQH V _ffQ-ff 

P§ QH Ag = \Pl QH g, gel X) A G C. (124) 

Therefore 

Ag = A*P§g + \P§ eH g, g G 5a, A G C. (125) 

It follows that 

(1 - Ai^f? = (A* - \E H )P§g, gel x , A G C. (126) 

Proposition 3.7 Let A be a closed symmetric operator in a Hilbert space 
H, D(A) = H, and A be a self-adjoint extension of A, acting in a Hilbert 
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space H D H . Let X G IR e be an arbitrary number. For arbitrary complex 
numbers Ai and A 2 , Ai 7^ A 2 , and arbitrary elements hi G £ Al , ft, 2 £ £a 2 > se ^ 



g-fe := P H h k = f k + y? fc + Vfc, 
wnere f k G y? fc e NjAA), *p k G A/" Ao (A). 7% 



k = 1,2, 



(127) 



en 



(hi,h 2 )s = (91,92)11 + 7^ — = ((ipi,ip2)H - (<Pi,(P2)h) 



1 H 

Proof. Notice that 
1 



Ai - A 



:i28) 



Ai — A 2 
1 



fa, (A - X 2 E s )h 2 ) s - ((A - XiE s )h h h 2 ) s 



Xi — A 2 



(hi,Ah 2 ) s - \ 2 (hi,h 2 )g - (Ah 1 ,h 2 ) s + X 1 (h 1 ,h 2 )g 



Using relation (I126p to a transformation of the left-hand side of the last 
expression we get 

1 



(hi,h 2 ) s 



(h, (A* - X 2 E H )Pgh 2 ) s - ((A* - X 1 E H )P§h 1 , h 2 ) s 



Ai — A 2 <- 

-i= [(<&, (A* - X 2 E H )g 2 ) H - ((A* - XiE H ) gi ,g 2 ) H ] 
Xi — X 2 



(9u92)h + 



1 



[{g 1 ,A*g 2 ) H -{A*g 1 ,g 2 ) H }. 



Ai — A 2 

Substituting here the expression for g k from (11271) . and taking into account 
that A*{p k = AoV^fc, A*ip k = Xoip k , k = 1,2, we obtain the required equal- 
ity (P2HD- □ 

Consider the operator-valued function *B A = %$\(A, A), X G M e , and the 
operator OS^ = tB^A, A) (see ([USD, (USD, (J2SD)- As it was said above, the 
operators 23a (A G R e ) and 53qo are extensions of the operator A in H. 
Therefore 

&oo = A*\ Sao , QS a = A*| £a , A G R e . (129) 

Choose and fix an arbitrary number Ao G M e . Consider the operator- 
valued function #(A) = #(A; Ao, A, A), X G n Ao , defined by fllOOp . Choose 
arbitrary two points A', A" G ITa , and arbitrary elements h' G £a', h" G 
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£ A ». Then the elements Pgh' and P§h" belong to £>(<B A ') and £>(<B A »), 
respectively. By f llOip and the generalized Neumann formulas we may write: 

p§h! = r+ y(A0^ - ^ = r + bww - r, 

where /', /" G D(A), $ G iV Ao (A). By Proposition 13771 we get 

(h',h") s = (P§h',P§h") H + ((V',V>")h - (S(A')V',S(A>")h) • 

A — A 

On the other hand, we may write: 

W, h") n = (P§h> + Pl ell h', P§ti> + Pl eH ti')~ H 

= (P§h> } P§h") H + (Pl eH ti,P§ eH ti') H . 

Therefore 

( P ieH h 'i P leH h ")« = yf = W^")h - (5(A')«(A>'%) . 

Multiplying the both sides of the last equality by A'A" and taking into ac- 
count ( 11241) we get 

(130) 

Equality (1 1 3 U j) will be used in the sequel. Also we shall need the following 
proposition. 

Proposition 3.8 If a sequence of elements of a Hilbert space is bounded 
and all its weakly convergent subsequences have the same weak limit, then 
the sequence converges weakly. 

Proof. Let fj = {/i n }^Li> h n G H, be a bounded sequence of elements 
of a Hilbert space H. Suppose to the contrary that all weakly convergent 
subsequences of ij converge to an element h G H, but the sequence fj does 
not converge to h. In this case there exists an element g G H such that 
(h n ,g)n does not converge to (h,g)n, as n — > oo. Therefore there exists a 
number e > 0, and a subsequence {^ nfc }fcLi, such that 

\(hn k ,g)H-(h,g) H \ = \(h nk -h,g) H \>e, keN. (131) 

Since the sequence {ft-n fc }fcLi is bounded, it contains a weakly convergent 
subsequence. This subsequence, by assumption, should converge weakly to 
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to an element h. But this is impossible according to ( I13ip . The obtained 
contradiction completes the proof. □ 

Let continue our considerations started before the ^statement of the last 
proposition. Recall that the operator Q3oo = <Boo(y4,A) is a (not necessar- 
ily closed) symmetric extension of the operator A in H. By the Neumann 
formulas for it there corresponds an isometric operator = ^^(Xq; A, A) 
with the domain D(<J>oo) C N\ (A) and the range -R($oc) Q Nj^(A). The 
operator was already defined for the general case of a not necessarily 
densely defined operator A (below fllOip ). 

Theorem 3.9 Let A be a closed symmetric operator in a Hilbert space H , 
D(A) = H, and A be a self-adjoint extension of A, acting in a Hilbert space 
H D H. Let A G M e be an arbitrary number, {X n }^ =1 , X n G H\ , be a 
number sequence, tending to 00, {ip n }^ =1 , ip n G Af\ (A), be a sequence, weakly 
converging to an element if), and 



sup 

neN 



IA, 



Im A r 



} n\\H 



||#(A n ; X , A, A)i[) n \\ H 



< 00. (132) 



Then ip G .D^o^Ao; A, A)), and the sequence {^(X n )ip n }^ =1 converges weakly 
to an element $00^- Moreover, if the sequence {ipn}^! converges to ip in a 
strong sence, then 

lim 5(A„)^ n = lim £(A n )^ = S^. (133) 

n— >oo n— ¥00 

Proof. Since elements X n belong to II \ , then by relation f llOip we 
get <B An (A,l) = A HXn . Xo AXlXo , for every n G N. Since tfj n G Af\ (A) = 
D($(X n )), then by the generalized Neumann formulas elements $(\ n )i>n — 
ip n G D(*B(\ n )) = £\ n , n G N. Consider a sequence of elements g n G £\ n , 
nGN, such that 

Pjj 9n = $(K)lpn -Ipn, n ^ N. 

By (I123p we may write: 

Ag n = A*{${X n )4> n - Vn) + P§ QH Ag n 
= X d(X n )^j n - Y i) n + P§ eH Ag n , nGN. 

Therefore 

P# ^ n = A S(A„)^ n - V/V, n G N. (134) 
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Observe that 

\\P§Ag n \\ H < |Ao|||S(A n )||||V>„||ff + lAolll^nllH < K, ntN, 

where K is a constant. Here we used the fact that $(A) is non-expanding 
and a weakly convergent sequence is bounded. Let us use formula (11301) . with 
A' = A" = A n , h' = h" = g n . 

~ ~ |An| 2 

(P~ QH Ag n , P~ eH Ag n ) H = Im Ao |^ {{lpn,1pn)H - {${K)lpn, ${K)iPti)h) 

|A I 2 

= ImAo " (HV'nlU _ HStAnhMtf) (ll^nllff + II^CA^V'nllff) 

lm A n 

|An| 2 

< | ImAo 1 7^ —s i (UVVillff - \\d(K)^n\\H) 2||^„||/f. 
I Am A n | 

From (jT52j> it follows that ||P| „Ag n \\ H < K 2 , where # 2 is a constant. Thus, 

-TI ©-TZ 

we conclude that the sequence {Ag n }^ =1 is bounded. By (I124p the following 
equality holds: 

Y P Lh X 9u = P§ eH g n , neN, 

and therefore 

Ps eH 9n 0, n -> oo. (135) 

Since a bounded set in a Hilbert space is weakly compact, then from the 
sequence {^4<?n}^i we can select a weakly convergent subsequence. Let 
{Ag nk }^L 1 be an arbitrary subsequence which converges weakly to an ele- 
ment h G H: 

Ag nk -± h, k -> oo. (136) 
Then P^Ag nh -± P§h, as A; ->■ oo. From f lTMft it follows that 

^AnjVw^^Pf^ + ^S, fc^oo. (137) 
Ao Ao 

Denote := j^P^h + j^ip- By the weak completeness of a Hilbert space the 
element 99 belongs to A^-(A). By the definition of elements g n we may write: 

By P5J,(H3ZP we get 

g nk -± ip - xjj, k -)> 00. 
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Since A is closed, and the weak closeness of an operator is equivalent to its 
closeness, then from (11361) and the last relation it follows that (p — ip G D(A) 
and 

A(ip-ip)=h. (138) 

Since elements p and ip belong to the space H, then ip — ip G D(A) D H — 
£oo = -D(Q3oo). As it was mentioned before the statement of the theorem, by 
the Neumann formulas for the operator 03 oo there corresponds an isometric 
operator $oo. By (1611 the following equality holds: 

£>(»„) = D(A) + ($oo - ^)^($oo). 

Therefore tp - ip = f + ^^u - u, f G D(A), u G -D($oo)- Since <^ G 
■0 G A/a (^4), by the linear independence of the manifolds D(A), Af\ (A) and 
J\fj-(A), we obtain that / = 0, u — ip $ooW = V 9 - Thus, the element ip belongs 
to Z}($oo) and $00^ = V 9 - Therefore relation H138[) takes the following form: 

l($oo^ -ip) = h. 

Then relation ( I136p becomes 

A# nfe ->« A^^ip - ip), k ^00. 

Thus, an arbitrary weakly convergent subsequence of a sequence {^4g n }^i 
has the same limit. By Proposition 13.81 we conclude that the sequence 
{Ag n }n= 

l is a weakly convergent and its limit is equal to A^^ip — ip). Then 

P§Ag n - P|l($oo^ - ^), n ->• 00. 
By relation (11231) we may write: 

Pf - V) = A*P§ ($ooV - V) = Ao^oc^ - 

By (I134p and two last relations we get 

A #(A n )V>n - -Wn Ao^oo^ - Aq^j ^ ^ OO, 

i.e. 

&(An)?/>n $00^, " -> OO, 

Thus, the first assertion of the theorem is proved. Suppose that the sequence 
{ip n }'^L l converges strangle to the element ip. 

It is known that if a sequence F = {f n }^=i, fn G of a Hilbert space 
% converges weakly to an element / then 

imk<hm^ooll/n|k. (139) 
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In fact, we may write 

||/|&= lim \(f n J)u\- 

n— >oo 

If {||/n fe llwlfcli is a convergent subsequence of a sequence {||/n||w}^Li> then 
||/|&= lim |(/„ fc ,/)„|< lim \\fn k \\u\\f\\H. 

k— >oo fe— >oo 

From the last relation it follows the required estimate (I139p . 

Applying estimate (11391) to the sequence {5 r (A n )-0 n }^L 1 we obtain an es- 
timate: 

||$oo^lU < lim„^ooll5(A„)^n|k. 
On the other hand, since 5"(A) is non-expanding, then 

lim^ooll^A^^nlk < lim II^M# = HV'll-ff = ||$oo0||i?- 
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Therefore lim^^ ||#(A n )^ n || H = \\^oo^>\\h, and a sequence {#(A n )V> n }^i 
converges strongly to an element $00"^- It remains to notice that 

\\3(\ n )ij - SooVUh = ||S(A„)^ - d(Xn)^n + d(Xn)^n ~ ^\\h 
< ||S(A n )V - $(\ n )l/>n\\H + \\$(K)i>n ~ ^\\ H 

< \\tl> ~ ^u\\h + WSiKtyn ~ <5>oo4j\\h -»• 0, n -> 00. 
Thus, relation f 1 1 3 3 j) is proved. □ 

Corollary 3.5 In conditions of Theorem \3.9[ if one additionally assumes 
that the sequence {\n}^ = i belongs to a set 
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IT = {A e Il Ao : e < I argA| < n - e}, < e < — 



2 



then condition M32fy can be replaced by the following condition: 



sup 

neN 



|A„| (llVUItf - A , A, A)V>„||)] < 00. (140) 



Proof. In fact, if the sequence {\ n }™ =1 belonfs to the set H E Xo , then 

,} Xn ] , < M, neN, 
I IniA n | 

where M is a constant, hot depending of n. Therefore from (11401) it fol- 
lows (Tim □ 

Notice that from relation fl9~T|) it follows that 

£ A = (2 - \E s )- l H, £ A = R X {A)H, A e R e , (141) 

where R A (^4) is the generalized resolvent of A, corresponding to the self- 
adjoint extension A. 
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Proposition 3.9 Let A be a closed symmetric operator in a Hilbert space H, 
and A be a self-adjoint extension of A, acting in a Hilbert space H D H . Let 
R\ and Ra, A G M e , denote the resolvent of A and the generalized resolvent 
of A, corresponding to the extension A, respectively, and Ao G M e , < e < | 
be arbitrary numbers. Then the following relations hold: 

lim (-\R\h) = h, heH- 

Aen| o , a->oo 

, 1™ (-ARa^) = 9, 9 eH. 



Proof. Choose an arbitrary sequence {\ n }^Li, A n G n Ao , tending to oo, 
and an arbitrary element h G H. Let us check that 



\ n R\ n h — > — /i, n — )> oo. 



(142) 



Let A n = o" n + rr n , cr n , r n G K, n G N. Notice that since numbers A n belong 
to the set Il Ao , it follows an estimate: 



Or, 



T„ 



< Mi, n G N, 



(143) 



where Mi is a constant, not depending on n. Using the functional equation 
for the resolvent we write 



Since 



R\ n ~ R\ — (An - ^o)R\ n R\ , 
^ n R\ n R\ = —R\ + R\ n + ^oRx n R\ , n G N. 

< \Tn\Mx, 



(144) 



I An | | ^n | 


. , cr n 
% H 


< Vn\ (\ + 


On 




T n 




T n 



then r n — > oo n — >■ oo. On the other hand, by the functional equation for 
the resolvent we may write: 



\R x f\\ 2 H = (R* x R x f, f) H = (RjRJ, f) H 



1 



A- A 



((Rj-R x )f,f) H 



A- A 
Therefore 



(R x f, f) H - (R* x f, f) H ) = -i- lm(R x f, f) H , A G R e , f G H. 



Im A 



1^/11^ < t-i\(RxJJU < t-tII^/I^II/IIj; 
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\RxJ\\h < 



\RxJ < 



Hi neNJeH; 



nGN. 



(145) 



It follows that 
By dHU) we get 



\R 



A n \ \H 



->0, 



n — > oo. 



u. - lim \ n R Xn R Xo 

n— >oo 



In particular, we obtain that 

X n R Xn U = It, MG i? Ao # = £>K>- 
By (I145P and (1 143ft the following inequality holds: 



|A n #A„|| < 



< 




< 













1< Mi + 1, 



tiGN. 



Since the sequence of linear operators {A n i?A n }^i converges (in the strong 
operator topology) on a dense set and the norms of the operators are uni- 
formly bounded, by the Banach-Steinhaus Theorem the sequence {A n i?A n }^Li 
converges on the whole if to a continuous linear operator. By the continuity, 
this limit operator coincides with —E H . Thus, relation (11421) is proved, and 
the required relations in the statement of the theorem follow. □ 

Theorem 3.10 Let A be a closed symmetric operator in a Hilbert space H , 
D(A) = H, and A be a self-adjoint extension of A, acting in a Hilbert space 
H D H. Let Xq G M e be an arbitrary number, ip be an arbitrary number from 
D($oo(Ao; A, A)), and a vector-valued function ip(X) , X 6 ITa o; with values in 
Af\ (A), is defined by the following formula: 

^(A) = —^=P%, (A) (A* - A ^)Ra(^ - <W>), (146) 
Ao — Ao 

where Ra is a generalized resolvent of A, corresponding to the self-adjoint 
extension A. Then 



Agm 



lim 



A— >oo 



■0(A) = ^ 



Aem 



lim 



A— >oo 



3(\;\ ,A,A)i/>(\) = $ oo i/>, (147) 



and there exists a finite limit 
AC 



lim 

A,cen* o , a.c^oo IX -C 



mx)MO) H -(mm^(om)H} 



:i48i 



Here < e < § . 
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V>(A) = =P$ xJA) (A* - \ E H )g{\), A G n Ao . 



Proof. Denote g = $oo(A ; A, A)ijj - ip G D^B^) = 2^ = D(A) n H, and 
by R\ and R A , A G M e , we denote the resolvent of A and the generalized 
resolvent of A, corresponding to the extension A, respectively. Consider the 
following two vector-valued functions: 

g{\) = -XR x g, g(X) = P§g{\) = -\R x g, A £ IT Ao . 

Then the function from the statement of the theorem takes the following 
form: 

Notice that by (11411) . the element g(\) belongs to £ A , and therefore by (I129p 
the definition of the function is correct. By Proposition 13.91 we get: 

lim g{\) = g, lim g(X) = g, 0<e<^. (149) 

Moreover, by Proposition 13.91 with h = Ag we obtain that 

Aq = lim (-\R\Aq) = lim (-\AR x q) = lim Aq(X). 

Aem , a^oo xem , a^oo Aem , a->oo 

A A A ' 

( 15Q ) 

By (fT4"TD it follows that the element g(\) belongs to £ A CD(1). By ([T22]) 
we write 

^(A) = J ff3f(A)GD(A*) l P|2^(A)=^(A), A G II Ao . 
From the last expression and (11501) we obtain that 

P§Ag = lim P§Ag{\) = lim A*<?(A), A G B Ao , 

Aell": , A->oo Agin , A— >oo 

A o A o 

or, taking into account property (I122p . we write: 

lim A*g(X) = A*g, A G n Ao . (151) 

Aenf , a-j-oo 

A o 

Passing to the limit in the above expression for the function ?/>(A), using (I149p 
and (I15ip . we get: 







By the definition of the element g the following equality holds: (A*— X Ejj)g = 
(Ao — Ao)^. Substituting it into the previous relation we obtain the first re- 
lation in (JUT]). 



81 



As it was already noticed, the element g(X) belongs to £ A = _D(*B A (A, -4)); 
and therefore by the definition of the function $(X; A , A, A) and the gener- 
alized Neumann formulas we write: 

g(X) = /(A) + ff(A)Vi(A) - ^i(A), A e n Ao , 

where /(A) G D(A), ipi(X) G Af\ (A). Using the above expression for ip(X) 
we directly calculate: 



V>(A) = =PjL w (A* - Ao^)p(A) = ^i(A), A G n Ao . 

An — An 



Therefore 

0(A)=/(A)+3F(A)V(A)-V(A), AGn Ao 

Observe that 

1 



=P^(A* - X E H )g(X) = ff(A)V>(A), A G n Ao . 



A - A A ° 

Consequently, by (I149p . (11511) and the definition of g, we get: 

Jim 3W(A) = —L= Jim P# (A* - V^)s(A) 

= —^=P5AA*g - T g) = $00^, 

A - An A o 

i.e. the second relation in (11471) is satisfied, as well. 

_Let us use relation (TCffijl for A' = A, A" = C, h' = g(X), h" = g((), 
P§h' = g(X), P§h" = g(C): 

(P§ Ag(X),P§ Ag(())H = (A - A^-^=(ty(A), V(C))h 

A — C, 

-(3W(A),3(CMC))*). 
By relation (11501) . the left-hand side has a finite limit as A, C — > oo, A, £ G II Ao , 
and the last assertion of the theorem follows. □ 

Proposition 3.10 Let A be a closed symmetric operator in a Hilbert space 
H, D(A) = H, and A be a self-adjoint extension of A, acting in a Hilbert 
space H D H . Suppose that the operator A is a direct sum of two maximal 
symmetric operators. Let An G M. e be an arbitrary number, ip be an arbitrary 
element from D(^oo(Xo', A, A)) . Then there exists a finite limit 



lim 



AC 



4)h ~ (3(A; A , A, A)i>, A , A, A)^) H 



(152) 



Here < e < § . 



82 



Proof. The operator A has the following form: A = A\ © A 2 , where 
Ah is a maximal symmetric operator in a Hilbert space H^, k = 1,2, and 
H = H\ © H 2 . Suppose at first that the domain of the regularity of A2 is a 
half-plane IT Ao , and the domain of the regularity of A\ is n_ Ao . Recalling a 
similar situation in ( 167|) we may write: 



Af x (A)=Af x (A 1 ), Af K (A)=Af x (A 2 ), A g IT Ao . 

Calculate the function ?/>(A), defined in (I146p . Let ip' be an arbitrary element 
from A/a (A), and A G H\ - From fll4ip it follows that the element R A ?/>' 
belongs to the manifold £ A = D(<B X (A, A)), which by ffT2l?j) lies in D(A*). 
Using f[U7|) we write: 

(A* - XE H )R x iP' = (<B A - \E H )~R,\ifj' = (<B A - \E H )(<B X - XE H )-^' = ijj' . 

Conversely, if an element g belongs to £ A and (A* — \E H )g = tp', then 
g = (93 A - A^rV = RaV''- 

Since R^' G £ A = -D(*B A ), then by definition of the function #(A; Ao, A, A) 
and the generalized Neumann formulas we write: 

RaV' = / + 3Wi-V>i, 
where / G -D(^L), ipi G A/^A). On the other hand, consider an element 

g> = ^^(A 2 - XEgJ-^XW + (3(A) " E B )-±=*I/. 
A — Ao A — Ao 

Observe that $(\)ip G ^a^(^) = A^K^), and the point A belongs to the 
domain of the regularity of A 2 , and therefore the first summand in the right- 
hand side is defined correctly. By the generalized Neumann formulas the 
element g' belongs to _D(Q3 A ) = £ A . Moreover, we have: 

(A* - XE H )g' = ^—^(A - XE H )(A 2 - XEg^W 
A — A 

+(A - A)3f(A)-i=^ " (Ao - A) —^=il)' = 1//. 
A — Ao A — Ao 

By the above conciderations we conclude that R A ^' = g'. Notice that 

P% Xo(A) (A* - X E H )R X ^> = P$ Xo{A) (A* - X E H )g' = yf=V- (153) 

Consider an arbitrary element ip G Afj^(A) = Afj^(A 2 ) C H 2 . Since A belongs 
to the domain of the regularity of A 2 , we may write: 

R xV = P§(A- XEh)- 1 ^ = (A 2 - XEh)- 1 ^. 



S3 



It follows that 

PkM A * ~ X ° E ») R W = P A (aM* - \oE H )(A 2 - XEhY 1 ^ 

= P$ Xo(A) (A - X E H )(A - \E H y l v = 0. (154) 

Let ip be an arbitrary element from D^^Xq] A, A)) C Af Xo (A), and 
A £ I1a . Using f)153p with ip' — ip and f)154p . calculate the function i^(X) 
from (JIlBj): 

^(A) = —^=P%. {A) (A* - X E H )R X (^ - ^) = —^=if>, X £ n Ao . 
A — A A — A 

By Theorem 13.101 we conclude that there exists a limit f)152p . 

In the case when the domain of the regularity of A 2 is a half-plane II_a , 
and the domain of the regularity of Ai is II Ao , we can reassign the operators 
Ai and A 2 . 

In the case when the domain of the regularity of the operators Ai and 
A 2 is the same half-plane (IIa or n__A ); the operator A is itself a maximal 
symmetric operator. In this case we set H\ = H, H 2 = {0}, A\ = A and 
A 2 = 0h 2 - For the self-adjoint operator A 2 the both half-planes II a and 
II_a are the domains of the regularity and we can apply the proved part of 
the theorem. □ 

Theorem 3.11 Let Xq £ M e be an arbitrary number and E(X) be an an- 
alytic in the half-plane U\ operator-valued function, which values are lin- 
ear non-expanding operators with the domain D(E(X)) = Ni and the range 
R(E(X)) C N 2 , where N\ and N 2 are some Hilbert spaces. Let {A n }^L 1; 
A n £ I1a , be a sequence of numbers, converging to oo, {g n }™ =1 , g n £ N\, be 
a sequence of elements, weakly converging to an element g, and 



sup 

ngN 



I A, 



12 



ImA n | 

Then there exists a finite limit 



drills — \\E(X n )g n \\N 2 ) 



< oo. (155) 



lim {t— ^= [(g,g)Ni - (F(X)g,F(()g) N2 \ \ . ( I 5G) 



Here < e < f . 



Proof. Consider the operator A of the following form: A — A\ © A 2 , where 
Ak is a maximal densely defined symmetric operator in a Hilbert space H^, 
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k — 1,2, and define H = Hi © if 2 . Choose the operators Ai and A 2 such 
that the domain of the regularity of the operator A 2 will be II Ao , the domain 
of the regularity of A\ will be II_ Ao , and it holds: 

dimA/" Ao (v4 1 ) = dimiVi, dim Afj^{A 2 ) = dimiVV 

The required operators A\ and A 2 is not hard to construct by using the 
Neumann formulas. As in ([ST]) and in the proof of the previous proposition 
we may write: 

AT X (A) = Af^AJ = dim JVi, ATj(A) = Nj(A 2 ) = dimiV 2 , A G U Xo . 

Consider arbitrary isometric operators U and W, mapping respectively Ni 
on J\f\ (Ai), and N 2 on Afj-(A 2 ). Consider the following operator- valued 
function: 

Fi(X) := WF(X)U~ 1 , Aen Ao . 

The function i*i(A) is analytic in the half-plane II Ao , and its values are lin- 
ear non-expanding operators from Af\ (A) into Afj^(A). Since A is densely 
defined, we can apply the Shtraus formula ( I42p Namely, the following formula 

R-a = (Afi(a) — XE H ) , A G n Ao , 

defines a generalized resolvent R A of A. It follows that 

4f\(A) = R A * + A-E/f, A G n Ao . 

The generalized resolvent R A is generated by a (not necessarly unique) self- 
adjoint extension A in a Hilbert space H D H. Consider the operator-valued 
function 25 A (v4, A), X G M. e . Comparing the above expression for A Fl n) with 
fornula (|98p we conclude that 

23a = Ap^ ( A ) , A G Il Ao . 

Recalling the definition of the function #(A; Ao, A, A) we see that 

$(X;X ,A,A) = F 1 (X), X G n Ao . 

Denote 

:= tfyn, ip '■= Ug, neN. 

By the condition of the theorem we get that the sequence ipn weakly converges 
to the element ip. From (I155p it follows that 

< oo. 



sup 



Im A r 



i\\ H -U(\;\>,A,A)il) n \\H 
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By Theorem 13.111 we conclude that ip G D($ oo (A ; A, A)). We may apply 
Proposition 13. 101 an d ( I152p follows. From that relation it follows the required 
relation ffT56]) . □ 

Now we can state a theorem connecting the operator $oo(Ao; A, A) with 
the operator- valued function #(A; Ao, A, A). 

Theorem 3.12 Let A be a closed symmetric operator in a Hilbert space H , 
D(A) = H, and A be a self-adjoint extension of A, acting in a Hilbert space 
H D H . Let Ao G M, e , < e < |, be arbitrary numbers. Then the following 
relations hold: 

D($ oc (\ ;A,A)) = {^eAf Xo (A)-- 

h - ||S(A; A , A A)iP\\ H )] < +oo) , (157) 



$ oo (\ ;A,A)i[>= lim #(A; A , A, A)1>, V e J D($ oo (A ; A, A)). 

Agllf ,A— >oo 

(158) 

Proof. Suppose that ip G D($oo(A ; A, A)) C A/" Ao (A). Check the in- 
equality in (11571) . If -0 = 0, then the inequality is obvious. Assume that 
■0 0. Consider an arbitrary sequence {\ n }^=i, A n G II| o , converging to oo. 
By f)146p we define the function "0(A), A G ITa . Set 

g n :=0(A n ) G Af\ (A), neN. 

By Theorem 13.101 the following relation hold: 

lim g n = ip, ]im $(\ n ;\ ,A,A)g n = $ oo i}>, 

n— voo n— >oo 

and there exists a finite limit 



I A, 



|2 



lim \ - == [{g n ,g n ) H - ($(K)9n, 3^)^)^] 

I A n - A n 

1 f |AJ 2 1 

= 7T ^ m 1 T - V" OMU - ||#(An)0n||tf] [||0n||ff + ||#(An)0n||ff] f ■ 
1% 7i->oo lm A n J 

Notice that 

Iknlk + \\${K)g n \\H ~> HV'IU + ll^oo^lk = 2||V>||tf, n -»■ OO, 

since is isometric. Since ip ^ 0, it follows that there exists a finite limit 



n— >oo 



A 



12 



lim <{ ^— ^- [||^„||h - l|5(A„)^„||//] 
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We can apply Theorem 13.111 to the sequences {A n }^L 1; {g n }%Li, which con- 
verges to g, and the function #(A; A , A, A), mapping J\f\ (A) in J\fj-(A), and 
obtain that there exists a finite limit 

,4>oo{^[ii^ii^-ii^iiy 



x A r 1 ^ m\h - \mmn] Mu + mwu . (159) 

Since the operator $(A) is non-expanding, then 

||g-(A n )v - $oo^lU = - S(A„)s„ + d(\ n )g n - $oo^||h 

< || \\$(K)1> - S(A«)<?n|U + H^An)^ - $oo^I|h 

< || HV' - 9n\\H + \\d(K)9n - $oo0||H -+ 0, n OO. 

Since the sequence {X n }^ =1 was an arbitrary sequence from II A , converging 
to 00, then 

lim #(A)V> = $00^- 
Thus, relation (I158p is proved. We may write: 
lim (USWIk+IMMHI^c 



Aerif , a^oo 



oor Lff -t- r<^ h - ^ W H- 



From the latter relation and f)159p it follows that there exists a finite limit: 
Therefore there exists a finite limit 



IA 



2 



In particular, there exists a finite limit 



n— >oo 



Im A r 



Now suppose that the sequence {X n }^ =1 is such that there exists a (finite or 
infinite) limit 

lim {|A n |[|^|k-||^(A^|k]}. 
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Since 



Im A r , 



An 



< 1, n G N, then 

lim {\\ n \[U\\ H -\\$(A n W\\ H ]} 



AJ 



lim i i i \ 

n->oo | 1 1mA 



H 



~ HS(An)V>ll 



Im A r 



A, 



< 



The required estimate in (I157p follows. 

Conversely, suppose that ip G Af\ (A) and 



lim 



Aen= ,A->oo 



H -\\$(\;\o,A,A)i}\\ H ) 



< +oo. 



This means that there exists a sequence of numbers {\ n }^ =1 , X n G II 
converging to oo, and such that there exists a finite limit 



Ao' 



lim {\K\[U\\ H -MK)ip\\ H \}. 

n—>oo 

In particular, this means that 

sup{|A n | [U\\h - MXuMh]} < oo. 
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By Corollary [331 with ip n = ip, n G N, we get ip G D($oo(A ; A, A)). □ 

3.10 A connection of the operator and the operator- 
valued function #(A). 

Our aim here will be to prove the following theorem. 

Theorem 3.13 Theorem \3.1S\ remains valid, if one removes the condition 
D(Aj = H. 



Proof. In the case D(A) = H the theorem is already proved. Suppose 
now that D(A) ^ H. For the extension A there correspond an operator 
23 oo = *Boo(A, A) and operator- valued functions 93 a = 23 a (A, A) and 5(A) = 
$(A; X ,A,A) (see flM}, ([93]), (JMD, (M) )- Recall that for the operator 03^ 
there corresponds an admissible with respect to A isometric operator $oo = 
^(Ao; A, A) with the domain -D($oo) Q N Xo (A) and the range_i?($ 00 ) C 
Nj^(A) (see a text below (jlOip ). Observe that in the case D(A) = H the 
operator was intensively used in the previous subsection. 

As before, the space H decompose as in fl6%|) . where H e = H H. The 
operator A may be identified with an operator A := AQ)A e , A e = on e - Thus, 



ss 



the operator A is a self-adjoint extension of A. By the generalized Neumann 
formulas for the self-adjoint extension A of A there corresponds an admissible 
with respect to A isometric operator T with the domain D(T) = 7Va (A) and 
the range R(T) = Af-^(A), having the block representation (|69|) . where Tn = 
Pn^(A)TPm Xo (A), T 12 = P^ iA) TP NxoiAe j, T 2 i = P^- {Ae) TP^ Xo{A) , T 22 = 

PjiS—.(A e )TP/s x (A e )- Moreover, we have A = At- Notice that the operator 
03 = 23(A ;A, T), defined in (1551) . coincides with Q3oo. By Theorem 13.81 we 
have: Q3(Ao; A, T) = A^^x ;A,t)- Since the Neumann formulas define a one- 
to-one correspondence, then 

$(A ;A,T) = $00(^0; A 

Consider an arbitrary closed symmetric operator A\ in a Hilbert space Hi, 
D(Ai) = Hi, which has the same defect numbers as A. Consider arbitrary 
isometric operators U and W, mapping respectively Af\ (Ai) on Af\ (A), and 
Afj^(Ai) on J\fj^(A). Then the following operator 

/ W~ l T n U W-'Tu \ 

( W- 1 \ / Tu T X2 \(U 0\ 
\ E J V T 21 T 22 J V E J ' 

maps isometrically all the subspace J\f\ (Ai) © Af\ (A e ) on all the subspace 
Afj^(Ai) © A/"^-(A e ). By the first assertion of Theorem 13.51 the operator T 22 
is adnissible with respect to A e . By the second assertion of Theorem 13.51 we 
get that V is admissible with respect to Ai := A\ © A e , acting in a Hilbert 
space Hi := Hi@H e . By the generalized Neumann formulas for the operator 
V there corresponds a self-adjoint operator Ai D Ai in a Hilbert space ifx : 
A = 

Consider the operator-valued functions 23 A = 93a(Ax, Ai) ^'(A) = #(A; Ao, At, Ax). 
By f)12ip we may write: 

ff(A; Ao, A 1; Ax) = K X1 + ^(^^ - C e (A)K 22 )- 1 C e (A)y 21 , A e n Ao , 

where C e (A) = C(A; Ao, A e ) is the characteristic function of the operator A e 
in H e . Then 

#(A) = H/- 1 T 11 f/ + H/- 1 r 12 (^ Ao(Ae) -C e (A)T 22 )- 1 C e (A)T 21 f/ = W^{X)U, 

AGn Ao , (160) 

what follows from (11211) . 
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Consider the following operators 23^ = < B 00 (A 1 ,Ax) and $^ = $oo(A ; Ai). 
Also consider the operator 23' = 23(A ; -4i, 1/), defined in (1551) . It coincides 
with the operator 23'^. By Theorem 13.81 we get 23' = A^x -Ai,v)- Since the 
Neumann formulas define a one-to-one correspondence then 

$' :=$(A ;AT) = <l> / oo . 

By Remark 13.31 and formula (T73l we may write: 

= V^nVi + V 12 (X z (A e ) - V 22 )- 1 V 21 ^[, tfj[ G £>($'), (161) 

and 

By the definition of the operator $, -D($) consists of elements of ipi G A/"a (-A) 
such that there exists ip 2 G D(X\ (A e )): 

T 21 ip! + T 22 ip 2 = X Ao (A e )^ 2 , 

and /}($') consists of elements ip[ G A/a (^4i) such that there exists ip' 2 G 
D{X Xo {Ae)Y 

V 21 ^[ + V 22 ^ 2 = T 21 U^[ + T 22 ^ 2 = X Xo {AeW 2 - 

Therefore 

D($) = UD(&). (162) 

By (USD) we get 

$ G £>($')• 

Therefore 

$' = W _1 $?7. (163) 

By Theorem 13 . 1 2 1 for the operator A\ in a Hilbert space ifi and its self-adjoint 
extension Ai in H\ we get 

D($^) = G Mo(A0 : lim AG n io ,A^oo [|A|(||^lk - ||3WII*)] < +00} , 

\&u\ ,A— >oo 

By relations (I162p . (I163p and (11601) we obtain the required relations (I157p 
and (USED- □ 
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3.11 Shtraus's formula for the generalized resolvents 
of symmetric operator. 

Consider a closed symmetric operator A in a Hilbert space H . Choose and 
fix an arbitrary point A G R e . A function F{X) G <S(n Ao ; J\f Xo (A), Nj^(A)) 
is said to be \q- admissible (admissible) with respect to the operator A, if the 
validity of 

lim F(X)ip = X Xo iP, (164) 

limAeni . a^oo [\M(U\\h " WHWWh)} < +oo, (165) 

for some e: < e < f , implies t/> = 0. 

A set of all operator-valued functions F(X) G <S(n Ao ; M Xo (A), J\fj^(A)), 
which are Ao-admissible with respect to the operator A, we shall denote by 

5 a;Ao (n Ao ; AT Ao (A),A%(A)) = S a (U Xo ; Af Xo (A),Af^(A)). 

In the case D(A) = H, we have D(X Xo ) = {0}. Therefore in this case an 
arbitrary function from <S(n Ao ; J\f Xo (A), Af^A)) is admissible with respect to 

A. Thus, ifD{Aj = H, thenS a . M (U Xo ;M Xo (A),^(A)) = 5(n Ao ; jV Ao (A), 

Proposition 3.11 Let A be a closed symmetric operator in a Hilbert space 
H, and A G M e fre an arbitrary number. If F(X) G iS(n A() ; Af Xo (A), Afj^(A)) 
is Xo-admissible with respect to A, then F(() is a X^-admissible operator with 
respect to A, for all ( from Il Ao . 

Proof. Choose an arbitrary point ( from Il Ao . Suppose that for an element 
■0 G D(X Xo (A)) we have the equality: 

F(()i; = X Xo (A)^ 
Since the forbidden ooperator is isometric, we get 

\\F(0^\\h^U\\h. 
On the other hand, since the operator F(X) is non-expanding, we may write: 

IliWII* <U\\h, x g n Ao . 

By the maximum principle for analytic vector-valued functions we get 

F(A)V = X Xo (A)ij, X g n A[) . 

Therefore \\F(X)^\\ H = \U>\\h, A G n Ao , and relations (HMD , (HHSD hold. Since 
F(X) is admissible with respect to A, then ip = 0. Thus, the operator F(() 
is admissible with respect to A. □ 
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Theorem 3.14 Let A be a closed symmetric operator in a Hilbert space H , 
and Ao G K e be an arbitrary point. An arbitrary generalized resolvent R s; a of 
the operator A has the following form: 

_ (Af(\) — XEh) 1 , AgIIa 

R*;A = { / \ -1 - , (166) 

^F*(A) ~ J , A g n Ao 

where F(X) is a function from S a; \ (H\ ; Af\ , Afj^) ■ Conversely, an arbitrary 
function F{X) G S a] \ (nx ;N\ ,Nj-) defines by relation U66\) a general- 
ized resolvent H s -\ of the operator A. Moreover, for different functions from 
S a; \ (H\ ;J\f\ ,J\fj^) there correspond different generalized resolvents of the 
operator A. 

Proof. Let A be a closed symmetric operator in a Hilbert space H, and Ao G 
R e be a fixed number. Consider an arbitrary generalized resolvent R s; a(^4) 
of A. It is generated by a self-adjoint extension A of A in a Hilbert space 
H D H. Consider the function <B A (A,A) (see (|9"31.(|9"4D) and the function 
${X;X ,A,A) (see (finn]) ). From relations (JED and ffT02l) it follows ffT66l) . 
where F(X) = #(A) is a function from S(Jl\ ;Af\ ,Afj^), which values are 
admissible with respect to A operators. Let us show that the function -F(A) is 
admissible with respect to A. Suppose that for an element tp G D(X\ (A)) C 
Afxo(A) hold (HSU) and ATES]) . By Theorem [333] we get ^ G ^(^(Ao; A, A)), 
and 

$ 00 (A ;A,A)^ = X Ao (A)^. 

Since is admissible with respect to A, then ?/> = 0. Therefore the function 
F(X) is admissible with respect to A. 

Conversely, let F(X) be an arbitrary function from iS a; A (n A() ; Af\ , A^-). 
Consider an arbitrary closed symmetric operator A\ in a Hilbert space iii, 
-D(v4i) = Hi, which has the same defect numbers as A. Consider arbitrary 
isometric operators U and W, whic map respectively Af\ (Ai) on Af\ (A), 
and Afj^(Ai) on J\f^(A). Set 

Fi(A) = ^-^(A)^ A G n Ao . (167) 

-Fi(A) <S(nA ; A/a q (Ai), jV^-(Ai)). Since in the case of the densely defined 
operators the theorem was proved, we can assert that Fi(X) generates a 
generalized resolvent Ra(^4i) of the operator A\ in H\\ 

((Ai) Fl(A) - XEh)' 1 , AGn Ao 
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The generalized resolvent R>(At) is generated by a self-adjoint extension A\ 
in a Hilbert space Hi D Hi. Set 

H e := Hi 

The operator A\ may be considered as an operator Ai := A\@A e in a Hilbert 
space Hi = Hi © H e , where A e = on e - 

By the generalized Neumann formulas for the self-adjoint extension Ai 
of Ai there correspond an admissible with respect to A\ isometric opera- 
tor T with the domain D{T) = M\ Q (Ai) and the range R(T) = Af-^(Ai), 
having the block representation (|69|) . where T\\ = Pj^—^a^TP^^a^, Pyi = 
P^Ai)TPM Xo {A e ), T 21 = P M _ { A e )TP NxQ{Al ), T 22 = P M _ {Ae )TP Nxa{Ac ). More- 
over, we have A x = (Ai)t- 

Notice that the operator 25 = 33(A ; Ai, T), defined by (1551) . coincides 
with the operator ^^(Ai, Ai). By Theorem 13.81 we get: 23(A ;*4i,T) = 
^W(a ;.4i,t)- Since the Neumann formulas establish a one-to-one correspon- 
dence, then 

$' :=$(A ;A,T) = $ 00 (Ao;A 1 ,A 1 ). 

For the extension Ai there correspond functions 23' A = *B\(Ai, Ai) and 
#'(A) = 5(A; A , Ai, Ai). By (11211) we obtain the following equality: 

&(\) = Tu + Ti 2 (E Mxo(Ae) - C e (A)T 22 )- 1 C e (A)T 21 , A G n Ao , (169) 

where C e (A) = C(A; Ao, A e ) is the characteristic function of the operator A e 
in H e . 

Since T is admissible with respect to Ai, by Theorem 13.51 the operator 
T 22 is admissible with respect to A e . By Remark 13.31 the operator $' = 
$(Aq;^4i,T) admits the following representation: 

$Vi = T n iP[ + Ti 2 (X Xo (A e ) - T 22 y l T 2 ii;'i, # e £>($')• (170) 

By Theorem 13.131 we get 

£>($') = G A/^) : hm Aeni ^ [|A|(||V|k - ||«Wlk)] < +°°} > 

(171) 

$V' = lim S'W, V' e £>($'), ( 172 ) 

Aen? ,a— >oo 

where < £ < |. 

Comparing relations (I168p and (19~T1) . taking into account (110 ip we see that 
5'(A) = F 1 (A), A G n Ao . (173) 
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Consider the following operator 

v= ( Vn Vu\ = ( WT^U- 1 WT 12 

V ^1 V ™ J ' V T ^ U ~ l T 22 

W 0\(T n T 12 \ f U- 1 
E ) \ T 2l T 22 ) \ £ 

whic maps isometrically all the subspace ftf\ (A) © J\f Xo (A e ) on the whole 
subspace Afj^(A) ®J\f^(A e ). 

A = A®A e H := H®H e . As it was already noticed, the operator T 22 
is admissible with respect to A e . By Remark l3.3l we obtain that the operator 
$ = $(Ao; A, V) admits the followig representation: 

= ^ + ^ 12 (X Ao (A e ) - v r 22 )-V 21 ^ 1 , Vi e 

By the definition of the operator $, -D($) consists of elements £ 
A/a (A) such that there exists ip 2 E D(X\ (A e )): 

V 21 ^ 1 + V 22 ^ 2 =X Xo {A e )^ 2 , 

and consists of elements E J\f\ (Ai) such that there exists i[)' 2 E 

D(X Xo (Ae))-- 

TaiVi + ^ = ^ 21 C/Vi + ^22^ 2 = X Xo (A e )ij' 2 . 

It follows that 

D($) = UD(&). (174) 

From ffTTOl it follows that 

$Vi = + T 12 (X Ao (A e ) - T 22 y l T 21 iP[ 

= W-'VnU^ + ^-V 12 (X Ao (A e ) - V2 2 )-V 21 [/^ 

Therefore 

$' = W -1 $17. (175) 
From ffT7B. ffT72]) it follows that 

= E Af Xo (A) ■■ limA e n io ,A->oo IWUWh ~ \\F(X)^\\ H )} < +00} , 

(176) 

$V = lim F(X)ip, V e £>($), (177) 

AelK ,A-»oo 
An ' 
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where < e < ^. 

Let us check that the operator $ is admissible with respect to A. Consider 
an arbitrary element ip G -D($) D D(X\ (A)) such that 

®4> = X Xo (A)tP- 

Using f )177p we get 

lim F(\)1> = X Xo (A)^- 

From (11761) it follows that 

llm Aeni ^ [\\\(W\h ~ \\F(\)il>\\ H )) < +oo. 

Since the function F(X) is A -admissible with respect to A, then ip — 0. 
Therefore $ is admissible with respect to A. Moreover, V 22 = T22 is ad- 
missible with respect to A e . By Theorem 13.61 the operator V is admissible 
with respect to A = A © A e . By the generalized Neumann formulas for the 
operator V there corresponds a self-adjoint extension A := Ay A. Denote 

Ri = P§(A-\E s )-\ AG M e , 

the generalized resolvent of A, which corresponds to the self-adjoint extension 
A. 

From (fWL (fT59]) and ffTTSD it follows that 
F(X) = WF l {X)U- 1 = W(T U +T 12 (E Mxo[Ae) - C e (A)T 22 )- 1 C e (A)T 21 )[/- 1 

= v u + v 12 (E Mxo[Ae) - c e (x)v 22 y l c e (x)v 21) x g n Ao . 

By f)12ip we conclude that 

F(X)=$(X;X ,A,A), A G n Ao . 

From fl97|) and f 1 1 2 j) it follows (11661) for the constructed generalized resolvent 
R A and for the given function F(X). 

Let us check the last assertion of the theorem. Suppose that two functions 
F 1 (A),F 1 (A) G S a] \ (n Ao ; Af\ , A^-) generate by (I166p the same generalized 
resolvent of A. Then 

Afi(a) = Ap 2 ( X ), X G I1a . 
By the generalized Neumann formulas we obtain that 

F 1 (X)=F 2 (X), AgLV 

□ 
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4 Generalized resolvents of isometric and sym- 
metric operators with gaps in their spec- 
trum. 

4.1 Spectral functions of an isometric operator having 
a constant value on an arc of the circle. 

In the investigation of interpolation problems we shall use spectral functions 
of the operator related to a problem. There will appear problems with spec- 
tral functions, which are constant on the prescribed arcs of the unit circle. 
Such spectral functions and the corresponding generalized resolvents will be 
studied in this subsection. 

Proposition 4.1 Let V be a closed isometric operator in a Hilbert space H , 
and F(5), 5 G *B(T) ; be its spectral measure. The following two conditions 
are equivalent: 

(i) F(A) = 0, for an open arc A of the unit circle T; 

(ii) The generalized resolvent R Z (V) ; corresponding to the spectral measure 
F(5), admits analytic continuation on the set D U D e U A, where A = 
{z G C : z G A} ; for an open arc A of T. 

Proof. (i)=^(ii). In this case relation ([1]) takes the following form: 

(RAj)fl= / T^d{F{-)h,g) H , Vh,geH. (178) 
Jt\a 1 — 2 s 

Choose an arbitrary number zq G A. Since the function is continuous 
and bounded on T\A, then there exists an integral 

I*o(h,g):= [ —^—d(F(-)h,g) H . 



(R z h, h) H - I Zo (h, h)\ = \z- z \ 



Wi-^i-~oC) " (FOM> * 



</t\A 1 1 ~ z s 1 1 1 — z o{, I 

There exists a neighborhood U(z ) of z such that \z — C\ > Mi > 0, G 
T\A, \/z G U(zq). Thus, the integral in the last relation is bounded in the 
neighborhood U(z ). Therefore we get 

(R z h, h) H -> I Zo (h, h), z G T e , z —> z Q , V/i G H. 
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Using the properties of sesquilinear forms we get 

(R z h,g) H ->■ I zo (h,g), zeT e ,z->z , Vh,geH. 

Set 

Rz := w. — lim R 2 , V? G A, 

zeT e , Z— >Z 

where the limit is understood in a sense of the weak operator topology. We 
may write 

(_2_ (Ri _r 2o)m ) h = ^ ___c__ J(F( . )t|t) ., 

2; G C/(z ), h E H. 

The function under the integral sign is bounded in C/(zo), an d h tends to 
(1— ioC) 2 ' ^ ^ e Lebesgue theorem on a limit we obtain that 

lim f_^(R z _R ^/^ = /* C — rf(F(-)M)ff; 

and therefore 

lim f_^(R z _ R ) hjg \ =f i d (F(.)h,g) H , 

z^z \z-Zq J h ./t\a (1 - ■zbC) 

for h,g & H. Thus, there exists the derivative of the function R z at z = zq. 
(ii)=>(i). Choose an arbitrary element h G H, and consider the following 
function a^t) := (F t h,h)H, t G [0, 2ir), where F t is a left-continuous spec- 
tral function of V, corresponding to a spectral measure F(S). Consider the 
following function: 

j* z \ 1 f 2lT 1 + e u z , . , f 2n 1 , . , 1 f 2n , . , 

A(*) = 2y T^r z dah{t) = L T^z dah{t) - 2 J dUh{t) 



/11 1 
— — dtr fc (0 - = (RA^)h - gll*. (179) 

Choose arbitrary numbers ti,t 2 , < t\ < t 2 < 2tt, such that 

/ = l(t!,t 2 ) = {z = e u : h<t< t 2 } C A. (180) 

We assume that ti and t 2 are points of the continuity of the function F t . By 
the inversion formula we may write: 



rt 2 

<J h {t 2 ) - a h (h) = lim / Re {f h {re- lT )}dr. 
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Observe that 

Re {f h (re- lT )} = Re {(R re -^, h) H } - ^\\hf H 

= -({(R re -iT + R; e - iT )h,h) H )--\\h\\ 2 H , h<r<t 2 . (181) 
By (I180p we obtain that e~ lT belongs to A, for ti < r < t 2 . Therefore 

lim ((R re -, T + R* ir )h, h) H = {(R e -i-r + R* w )h, h) H . (182) 

I — ¥l— 

By Theorem 12. II the generalized resolvents of an isometric operator have the 
following property: 

R* = E H -Rk, z £ T e . (183) 

z 

Passing to a limit in fll83p as z tends to e~"~, we get 

R*_ iT = Eff — R e -»r , h<T<t 2 . (184) 
By (IT5T]l .(rr521 and PI we get 

lim Re (Afre^H = 0, h < r < t 2 . (185) 

Consider the followinf sector: 

L(ti,t 2 ) = {-2 = re -i * : tx<t<t 2 , < r < 1}. 

The generalized resolvent is analytic in each point of the closed sector L(ti, t 2 ). 
Consequently, the function Re(R z h, h) is continuous and bounded in L(t 1 ,t 2 ). 
By the Lebesgue theorem on a limit we conclude that <Jhiti) — ^hit?)- If 
1 ^ A the required result follows easily. In the case 1 G A, we may write 
A = Ai U {1} U A2, where the open arcs Ai and A2 do not contain 1. There- 
fore (Th{t) is constant in intervals, corresponding to Ai and A 2 . Suppose that 
there exists a non-zero jump of <Th(t) at t = 0. By ([T]) we may write: 

/2lT j /*27T J j 

— —da h (t) = J^ — —r&hit) + — -a, a>0, 

where ah(t) = a hit) + cr h (+0) — cr^(O), t e [0,27r]. In a neighborhood of 1 
the left-hand side and the first summand in the right-hand side are bounded. 
We obtained a contradiction. □ 
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Theorem 4.1 Let V be a closed isometric operator in a Hilbert space H , and 
R^(V) be an arbitrary generalized resolvent of the operator V. Let {\k}'£L 1 
be a sequence of numbers from © such that A& — >■ A, as k — >■ oo; A G T. 
Suppose that for a number zq G D\{0} ; the function C(A; Zo) ; corresponding 
to R z (y) m Inin's formula, satisfies the following relation: 

3u. - lim C(A fc ; z ) =: C(A; z )- (186) 

fc— »oo 

T/ien /or an arbitrary z' Q G ©\{0}, i/ie function C(X;z' ), corresponding to 
the generalized resolvent TL Z (V) by Inin's formula < f^3]) satisfies the following 
relation: 

3u. - lim C(A fc ; 4) =: C(A; 4). (187) 

fc— >oo 

Moreover, C(A; Zq) a linear non-expanding operator, which maps the whole 
N Z ' Q into N±, and the corresponding orthogonal extension V c fc z ,y z , does not 

z' ' O ' O 

depend on the choice of the point z' G D\{0}. 

Proof. Suppose that relation (11861) holds for a point z G B\{0}. Choose 
an arbitrary point z' G D\{0}. Comparing the Inin formula for zq and for 
z' , we see that 



V C (X; Z0 )- Z0 = V c{x , z/q)A , AG©. (1* 



By (1251) we may write 



Vax^ = \eh + (e h + z V+ c(X;Zo) ) ~\ AG©. (189) 

Substituting in dl88[) similar relations for zo and z' , and multiplying by z Q z' Q 
we get 

z' e h + z' (\z \ 2 - 1) (e h + ^ov;+. C(A ., o) 



Then 



E 



ii 



= z E H + z (\z' \ 2 - 1) (E H + z' V z tc(x A) ) 1 

{Eh + z'oV z t C{XA) ) 1 = ^p,!) ((^ - *>) 
+4(|^ | 2 -1) + ^oK+ c(A;2o) 



(190) 
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Lemma 4.1 Let zq, z' G D. Then 



z o ~ z o 



1 — z 'o z o 



< 1. 



(191) 



Proof. Consider a linear fractional transformation: w = w(u) 



zg-u 
1—zq u 



. If 



\u\ = 1, then |1 — zqu\ = \u{u — Zq)\ = \u — z \. Moreover, we have w(z ) = 0. 
Therefore w maps D onD. □ 

Using (11901) and fl 1 9 1 [) we may write: 



1-I4I 2 



1 — z z 

Using (|2T|) we write: 



E H + zoV ZQ . c{x . zo) 



rp , Z ~ Z m+ 
H+ 1-zfo V *°™*°)l ' 



-1 



A e 



(192) 



K,c(X; Z0 ) = V ^®C(X;z ), AgO. 



By the statement of the theorem we easily obtain that C(\;Zo) is a non- 
expanding operator and 



- lim V+ c{Xk . >Zo) = V Z0 © C(A; z Q ) = V 



k— >oo 



z ;C(\;z ) 



(193) 



We may write 
E„ + 



Z ° ~ Z ° V+ 

1 - z'qZ^ z o;C(X k ;z ) 



-1 



< 



rp , Z ~ Z ta+ 



1 - ZqZq z ;C(X;z ) 
-1 



-1 



Z ~ Z Q 



1 — z b z o 



zo;C(A fc ;«o) 2 ;C(A;2 ) 



1 - Z' Z z () ;C(X;z ) 



Since 



then 



z o ~ z o 



1 — z 'o z o 



V 



z Q ;C(X k ;z ) 



<6<1, 



(194) 



1-4^ ^o;C(A fe ; 2o ) 





> 











- 2 y+ 



1-4^ ^o;C(A fc;2o ) 
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>(i-WII; 

f Tp _j_ Z ~ Z T/+ ^ 

V * + 1 - z' zS V *oWu;*o)) 
Passing to a limit in (I194p we get 

u. - lim ( E H + Zo ~f° V+ rn ,) 1 = ( E H + V + r \ . 

(195) 

By ([IHSD , (Hn3D , (HH2D we obtain that there exists a limit 

u - - &, v i^A) = u -- &, K ° ® c(Afe; 4) =: n (196) 

such that 

= 1^^/ Of^ + r^^ra ( 197 ) 

1 - Z' Q Z V z Q ;C(X;z )J ^ 1 _ z ;C(A;*o) J 

Relation (I196p shows that V'\m , = V z > . Set 

z 

C(X;z' ) = V'\ Nzf . 

By (I196p we obtain that C(A; Zq) is a linear non-expanding operator, which 
maps N z i in iV^. Thus, we get 

/ 

V' = V4®C&4) = V+^. (198) 
From (dnnD,(H2H]) it easily follows that 

u.- lim C(X k ;z' ) = C(\;z' ), (199) 

A;— >oo 

and relation (I187p is proved. 
By (jigfy fliggj) we get 

= i E " + T^k V+ ^) i E " + • (200) 



1 

< . 

-1-5 
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= ( (1 - z'^)E H + (z - z' )V + r ~ ) (e h + z V + ~ 

Subtracting Eh from the both sides of the last relation and dividing by — z' 
we get: 

1 I / 1 2 — 1 / \ -i 



-I ((1 - z^)E H + (, - 4)^0(^0) - + ^^ oiC(A;zo) , 

V zo;C(X;zo) , 

(ztE H + V + ~ ) (e h + z V^ 

V zo;C(X;z )J \ zt 



z ;C{X;z ) 

From (T22]) and ([23D we get 

^(A; 4 );^ = V o0vo)n> V ^o e P - ( 201 ) 

□ 

Theorem 4.2 Lei V be a closed isometric operator in a Hilbert space H , 
and z G KD\{0} be a fixed point. Let R 2 = R 2 (V) be an arbitrary generalized 
resolvent of the operator V, andC(X; zq) G S(N Zq ; N±) corresponds to R Z (V) 

by Inin's formula ( TJS} ). T/ie generalized resolvent R 2 (V) admits an analytic 
continuation on a set D U D e U A, where A is an open arc ofT, if and only 
if the following conditions hold: 

1) The function C(A; z ) admits a continuation on a set D U A, which is 
continuous in the uniform operator topology; 

2) The continued function C(A;zo) maps isometriclly N Zo on the whole 
N±, for all points A G A; 

3) The operator {Eh — AVc^a^o);^) -1 exists and it is defined on the whole 
H , for all points A G A. 

Proof. Necessity. Choose an arbitrary point A G A. Let z G D\{0} be 
an arbitrary point, and C(X;z) G S(N z ;Ni) correspond to the generalized 

z 

resolvent R 2 (V) by the Inin formula. Using the Inin formula we may write: 
Eh — zV C (\-z)-z = t(Eh — ^Vc(\;z);z) + — vj E H 

VA G ©\{0}. 



I - i )R- 
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Therefore the following operator 

'A 



E H + 



z 



1 R 



z 



(E H - zV C (\-z);z)^\, 



has a bounded inverse, defined on the whole H: 

-l 



E n : I - - 1 I R 



z 



L A 



Z 



jR^(E H - zV C (X;z);z)- L , A G B\{0}. (202) 



Then 



C(\;z);z) 



I - - I ) R 



A G ©\{0}. (203) 



Choose an arbitrary 5: < 5 < 1. Assume that z G n5\{0} satisfies the 
following additional condition: 



z 



IRaII < & 



(204) 



Let us check that such points exist. If ||R^|| = 0, then it is obvious. In the 
opposite case we seek z in the following form: z = s\, < e < 1. Then 
condition (12041) will take the following form: 



1 



< 



5 



IR^ 



or e > 



In this case, there exists an inverse 



- — 1 I R 



which is bounded 



and defined on the whole H. Moreover, by the continuity the following 
inequality holds: 

A 



1 



IRaII <S, 



(205) 



in an open neighborhood U(X) of A. Therefore there exists the inverse 

~i -l 



E H + 



A 



1 R> 



, VA G U(X), 



(206) 



which is bounded and defined on the whole H. We may write 



I - I IRaW' 



> 



\h\ 



z 



IRa/^II 
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>{l-5)\\h\\, heH. 



Therefore 







-i 















< 



1-5' 



A G U(X). 



(207) 



Choose an arbitrary sequence {A^}^ of points from D such that — >■ A, 
as A; — > oo. There exists a number k G N such that A fc G £/(A) fl ©, A; > A; . 
We write 



A A 



1 IRa, 



-1 




-1 









< 



H 



Xk 

z 



1 I Ra, 



-1 










(H 









1 R, 



E H + 



A 

2 



1 R^ 



The first factor on the right in the last equality is uniformly bounded by (I207p . 
Thus, we get 



u. — lim 

AeB, A— >A 



E„+ ( — — I )R 



E 



H 



From relations fl203|) . fl208|) it follows that 



it. 



lim JJSh - zVc{\;z);z) 1 



A, 



-R; 



AeB, A^A 

Thus, there exists the following limit: 



E 



H 



- lib 



A 



1 R^ 



-i 



(208) 



(209) 



u. — lim V 



AeB, A^A 



z;C(A;z) 



/ 1 1 - \z\ 2 
u.- lim I — Eh H - zVfc(A ;z );,) 1 

AeB, A^A V Z Z 



— + ^AR- 



z 



z z 



A 



E H + 



A 



1 R^ 



(210) 
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where we used (|21j) . Observe that V z + C{x . z) = V z @ C(X;z). Set C(X;z) = 

Vz\n z - By f)210p we conclude that C(A; 2) is a linear non-expanding operator 
which maps N z into Ni. Moreover, we have V z \m z = V z , and therefore 

z 

vl = v z ®c(x-z) = v- c[%z) . 



Using (12101) we easily obtain that 



u. - lim ^C(\;z) = C(\-z) 

AeB, A— >A 



(211) 



By l4.1l we conclude that the last relation holds for zq, where C(A; zq) is a linear 
non-expanding operator which maps N ZQ into N±, and V r( ? 



C(A;2o);zo 



Comparing relation (I210p for V' = V ' t and relation ( 1241 we get 



ii 



A 

z 



-1 -1 



1 



C(A;z);2 



-1 



C(\;z);z- 



(212) 



for the prescribed choice of z. 

Thus, we continued by the continuity the function C(A; zq) on a set DU A. 
Let us check that this continuation is continuous in the uniform operator 
topology. It remains to check that for an arbitrary A G A it holds 



u. — lim _C(A; Zq) = C(A; zq). 

AeBuA, A^A 



(213) 



Choose a number z G ©\{0}, which satisfies (I204p and construct a neigh- 
borhood £7(A) as it was done before. For an arbitrary A G U(X) we may 
write: 

A'// I I - - 1 I R 





-1 


E H +(^- lj R A 









< 



E H + 



-1 -1 



1 R> 



A 

2 



1 R^ 





-1 



















Using (I207P we get 



u. — lim 

A^A 



A 

z 



-1 -1 



1 R^ 



1 R> 



E H + 



A 



1 



(214) 
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By d2H we get 



— Ra 

z 



£„ + [~-l)R 



-i -l 



(E H - zV c{x , z) , z ) \ VAG(C/(A)nD)\{0}, 

for the prescribed choice of z. In fact, for an arbitrary A G An U(\), there 
exists a neighborhood C/(A) C U(\), where inequality (I205p is satisfied for 



the same choice of z. Repeating the arguments below (12051) with A instead of 
A, we obtain that (" 12 1 5[) holds for A. For points inside D we can apply (I203j) . 
From f l2T4j) . fT2T5|) it follows that 



u. - lim ^ (E H - zV C {\-z); Z ) 1 

AgDuA, A^A 



E H - zV c fc z) . z 



(216) 



Since it was proved that V c fa, z y z does not depend on the choice of z G D\{0} 
(and for z G © this follows from the Inin formula), then the last relation 
holds for all z G ©\{0}. 

Using relation (I24j) we get 



u -~ lim ~ V *Ux; z) = Kc(x,y V^GD\{0}, 

AgBuA, A->A v ; z.l-IAz; 



(217) 



and therefore relation fl 2 1 3 j) holds. Thus, condition 1) from the statement of 
the theorem is satisfied. 

From (12121) it is seen that 



% = | (Eh - zV c{%z) . z 



E u + I - - I |R, 



(218) 



for the above prescribed choice of z. Therefore the operator has a bounded 
inverse, defined on the whole space H. Then 



E 



H 



E 



zV, 



C(X;z);z 



-1 



E 



H 



A 

z 



1 R^ 



E H - zV, 



C(A;z);z 



E 



11 



--1IR, 



R A X 



A 



H- 



From the latter relation we get 

Rt = ( E], - \\ . 



C(X;z);z 



(219) 
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Since Vc&zYz ^ oes no ^ depend on the choice of z, then the last relation holds 
for all z G D\{0}. Consequently, condition 3) from the statement of the 
theorem holds. 

Using property f !183j) . and passing to the limit as z — > A, we get 

Ri = E H - % (220) 
On the other hand, from (12 19ft we get: 

B 5=(^-^(X;^)" 1 - ( 221 ) 

From (j2I5jl - (j22Il) it is seen that 

E H = (E H - XV^.y + (e h - XV^.^y 1 , Wz e D\{0}. (222) 

Multiplying the both sides of the last relation by (Eh — XV* ~ ) from the 
left and by (E H — XV C( ?. z y z ) from the right we get 

(E H - \V* {%zyz )(E H - \V C{%z) . z ) = E H - \V c{l . z) . z + E H - \V* {%z) , z . 

After the multiplication in the left-hand side and simplifying the expression 
we obtain that 

On the other hand, by (I222j) we may write: 



( '(A: -.):.: ) ~ W/ ' ' < '(A::):-. 



E H - W*~ , =E H -[E H - W, 



1 /_ \ -1 



^C(A;,);, = ~~ - A ^C(A;,); J ~ ^C(A; Z );, 

Since the operator ^.Ejj — AV^.^.^ is defined on the whole H and it 
is bounded, then we conclude that R{V c ft. z y x ) = H. Thus, the operator 
^C(A-z)-2 * s unitary in H. Therefore the corresponding operator V + C( j ^ — 

V z © C(A; z) is unitary, as well. In particular, this means that the operator 
C(A; z) is isometric and it maps N z on the whole Ni. Since z is an arbitrary 
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point from D\{0}, we obtain that condition 2) from the statement of the 
theorem is satisfied. 

Sufficiency. Let conditions l)-3) be satisfied. Choose an arbitrary point 
A G A, and an arbitrary sequence {A^}^ points from D U A such that 
Afc — > A, as k — > oo. Using ( 1231) we write: 



= (1 - X k z^ 



= (1 - A5o) 
Using (12231) write 



- A fc T/+ 
^ + 1-A fc ^^ c ^^) 

E H - AK 
- A 



(E H + z V 2 



z ;C(\ k ;z )l 



-1. 



z ;C(A fc ;2 )/ ' 



C(A;zo);zo 



1-Azb 2 o- c ( A ^') 



+ J" 1 . (223) 



X~Z^ z o;C(X;z ) 



\z 



E h - XV 



C(\;zo);zq 



E H + z V 



zo;C(\;zq) 



Since the operator V c fc zo y Zo is closed, by condition 3) it follows that there 
exists the inverse (Eh — ^V c( ^. zo y ZQ )~ 1 , which is defined on the whole H and 
bounded. Therefore there exists \Eh + 2 °t_ V + „ /T J -1 , which is bounded 

1-Xzq z ;C(\;z ) J 



and defined on the whole H. By 



E 



h 



XV 



we get 



C(A;zo);zo 



-1 



1 



(E H + z V + ~ ) 



E H + 



z °~ x v+ 



-i -i 



Xzn ZQ ' C ^ 



(224) 



For points X k , which belong to A, we can apply the same argument. For 
points Xk from D we may apply Lemma 14.11 We shall obtain an analogous 
representation: 

(E H - X k V C (\ k -z y,zo) 

i 



1 



Afc^o 



—(Eh + ZqV 



z \C(\ k ;z )' 



E H + 



X k z^ z °->°( x ^ 



keN. 



(225) 
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By condition 1) we get 



z ;C(\ k ;z ) z ;C(\;z ) 



sup 

heH, \\h\\=l 



(C(X k ;z )-C(X; z a ))P Nz h 



< 



— > 0, k — > oo; 



u. - lim , = V + r . 



(226) 



Let us check that there exists an open neighborhood Ui(X) of A, and a number 
K > such that 



1 - X k Z^ z o;C(X k ;z ) 



<K, VA fc : A fc e£/i(A). (227) 



The last condition is equivalent to the following condition: 



9 



1 - Afc^ *o;C(\ k ;z ) 
Suppose to the contrary that condition 



>-|M|, VgeH, VA fe : A fc GfMA). 



(228) 

is not satisfied. Choose an 
arbitrary sequence of open discs U n (X) with centres at A and radii -; and set 
K n = n, n G N. Then for each n G N, there exists an element g n G H, and 
X kn G C/ n (A), k n G N, such that: 



^+l_ A ^%;C(A fc „;, ) 
It is clear that g n are all non-zero. Denote g n 



< ~ 9n ■ 

n 



(229) 



neN. Then 



1 

< -. 

n 



(230) 



Since |A fen - A| < ^ then lmv-^ X kn = A. We may write 



> 



n 



z - X 



H 



1-A^ 2 o;C(A;, () ) 



Zq- X 



V 



1-A fcn ^ ^C(X kn ,z ) 20 ;C(A;, ) 
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Z — ^k n 



V 



zo - A 



V 



1-A fen ^ zo;C(X kn ;z ) Zo , c( i, Zo) 



> L 



Z ~ 



1 — Afc„£o 



V 



z - A 



■2o;C(A fc „;«o) 



V 



1 - Az 



-~- zq;C{X;zo) 



, L>0, 



(231) 



for sufficiently large n, since the operator [Eg+ 20 V" + ~ ] has a bounded 

inverse, defined on the whole H, and the norm in the right-hand side tends 
to zero. Passing to the limit in (123 ip as n — > oo, we obtain a contradiction. 
Thus, there exists an open neighborhood £7i(A) of A, and a number K > 
such that inequality (122 7p holds. We may write: 



E H + 



zq - Xk 



■v; 



X k zR z ";C(A fc ;, ) 



z - A 



n -1 



V 



< 



1 - A fc zb" 2o;C ( Afc;2 °) 



-i 



z - A 



Zq — \k 



E 



- A 



n -1 



1-A*b 2 o;C(A; 20 ) 



Using (12271) we conclude that 



u. — lim 

fc— >oo 



E H + ^Z^ V: 



1 - Afc^b" 2o;C ( Afe;2 °)_ 
By (I2^ .(l2^. (l2^6|) . fl232|) we conclude that 



E H + Zo ~ A . 
1-Azb" 2o;C(A;2o) 



u. - lim (E H - A fc Vc (Afc;2o);2o y 

fe— >oo 



E ff - AK 



C(A;zo);zq 



and therefore 



M - - lim „ (-^h - XV C (x- Zo y, Zo y 

AeDuA, A— >A 



E H - W, 



-i 



C(\;zq);zo 



By the Inin formula for A G O we have: — XVc(\- ZQ ) ]Zo ) 1 = R-A- Thus, 
relation (12341) shows that the function R>, AG©, admits a continuation 
on a set D U A, and this continuation is continuous in the uniform operator 
topology. 



(232) 
(233) 

(234) 



110 



Choose an arbitrary element h £ H and consider the following analytic 
function: 

/(A) = / A (A) = (R A M), A£D. (235) 

The function /(A) admits a continuous continuation onDUA, which has the 
following form: 

/(A) = [(Eb- WcixM-^y 1 M) , A £ © U A. 
Let us check that 

{E H - AVb ( A; 20 );,o) ^ = E H - (E h - AV£ (A ., o) J ~\ VA £ A. (236) 

Choose an arbitrary number A £ A. By condition 2) we conclude that 
;z );z is unitary. Then 

(E H -XV£ {x . z) . z )(E H - XV ci x ;z y )Z ) = E H -XV c{ x; Z y z + E H -XV£ {x . z) . z . (237) 

To verify the last relation, it is enough to perform the multiplication in 
the left-hand side and simplify the obtained expression. Multiplying re- 
lation (I237P from the left by (^E H — AV^.^.^ and from the right by 

(E H - XV C (X;z y,z o y 1 we easily get (|236|). 
We may write: 

7(A) = (h, (E H - XVc^y h) = {{E H - XVS^yJ' 1 h, h) 

= (h, h) -{(E H - XVc^zoy.o)' 1 h, h) = (h, h) - /(A); 

Re/(A) = -(h, h), A £ A. (238) 

Denote g{X) = if(X) - §(/i, h), X £ D U A. Then lmg{X) = 0. Thus, by the 
Schwarc principle, g(X) has an analytic continuation g(X) = gh{X) on a set 
D U A U D e . Moreover, the following relation holds: 



g(X) = g(l), A£© e . (239) 



A 



Then the following function 



/(A) = f h (X) := \g(X) + ^(h,h), A £ © U A U : 



Ill 



is an analytic continuation of /(A). Using (I239p we get 



f(\) = -f[ = )+(h,h), Aei, (240) 



By (I183p we may write 



/(A) = - (Ri h, h) H + (h, h) H = - (h, (E H - R* x )h) H + (h, h) H 

= (R x h,h) H , A G D e . (241) 

Set t 

R\{h,g) = | (7h+ S (A) - A-ff(A) + ifh+igW - ifh-igW^j , 

h,geH, AgDUAU D e . (242) 

Notice that R x (h, g) is an analytic function of A in DUAU© e . From fl235|) .f l24T]) 
we conclude that 

R x (h,g) = (R x h,g) H , h,geH, AgBUD, (243) 

From (I234p it is seen that 

R x (h,g) = lim jR\h,g) H 

~. A— s-A 



lim ^ ( (E H - \V C ( X - Z(l )- Zo ) 1 h,g) 

AgB, A->A v 7 H 

(j^B-XVofa^h^ , h,geH, AgA. (244) 



Therefore the following operator-valued function 



R A , AgDUI 
{E H - XVc^y^y 1 AG A 



is a continuation of Ra, and it is analytic with respect to the weak operator 
topology, and therefore with respect to the uniform operator topology, as 
well. □ 



Corollary 4.1 Theorem \4-<!\ remains valid for the choice z = 0. 
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Proof. Let V be a closed isometric operator in a Hilbert space H, and 
Rz(V) be an arbitrary generalized resolvent of V. Let F(\) = C(A;0) G 
S^Nq-jNoo) correspond to R Z (V) by Inin's formula (125|) for zq = 0, whic in 
this case becomes the Chumakin formula (|T6|) . Consider an arbitrary open 
arc A of T. 

Choose an arbitrary point z G D\{0}. Consider the following isometric 
operator: 

V = (V + - E H )(E H + z V)-\ D(V) = (E H + z V)D(V). 

Then 



Recall that the generalized resolvents V and V 20 are related by (129 p and this 
correspondence is one-to-one. Let R 2 (V) be the generalized resolvent which 
by fl29|) corresponds to the generalized resolvent R 2 (V Zo ) = R^(V). 

From f )29|) weee that R^V^) has a limit as t — > to £ A, if and only if 
R^(V) has a limit as u — > u e Ai, where 



Thus, R^-(V 2o ) admits a continuation by the continuity on T e U A, if and 
only if Rjj(V) admits a continuation by the continuity on T e U Ai. The limit 
values are connected by f l2~9l . as well. By f l2"9~l) we see that the continuation 
R^-(V Z() ) is analytic if and only if when the continuation R^(V) is analytic. 
Thus, H^(V) = Rj{V 20 ) admits an analytic continuation on T e U A, if and 
only if Rji(V) admits an analytic continuation on T e U Ai. 

By Theorem 14. 2\ R„(V) admits an analytic continuation on T e U A x if 
and only if 

1) C(X; zq) has a continuation on a set D U Ax, which is continuous in the 
uniform operator topology; 

2) The continued function C(X;zo) maps isometrically N zo on the whole 
iV^, for all points A G Ai; 



3) The operator (E H — XVc(\;z );z ) 1 exists and it is defined on the whole 
H, for all points A G A 1; 

where C(A; z ) G S(N Z0 ; N±) corresponds to R 2 (V) by Inin's formula. Recall 



v = (y-- E H )(E H 



V 





that C(A; z ) is connected with F(t) in the following way: 
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Using this relation we easily obtain that condition 1) is equivalent to the 

following condition: 

1') F(t) has a continuation on a set D U A, which is continuous in the 

uniform operator topology; 

and condition 2) is equivalent to the following condition: 

2') The continued function F(t) maps isometrically N on the whole N^, 

for all te A. 

From f)223p it follows that the operator (Eh — AVcr(A;«o);*o) -1 exists an d 
it is defined on the whole H, for all A £ Ai, if and only if the operator 

= [E H -t(V Z0 ®F(?))]-\ 

exists and it is defined on the whole H, for all £ £ A. □ 

4.2 Some decompositions of a Hilbert space in a direct 
sum of subspaces. 

In the sequel we shall use some decompositions of a Hilbert space related to 
a given isometric operator. 

Theorem 4.3 Let V be a closed isometric operator in a Hilbert space H. 
Let ( £ T, and C -1 is a point of the regular type of V . Then 

D(V) + N C (V)=H; 

R(V) + N C (V) = H. 

Proof. At first, assume that £ = 1. Check that 

11*7 + 9\\H=\\f + 9\\h, f £ D(V), g £ N v (245) 
In fact, we may write: 

\\Vf + g\\ 2 H = (Vf, Vf) H + (Vf, g) H + (g, Vf) H + (g, g) H 

= \\f\\H + {Vf,g) H + (g,Vf)H+\\g\\H- 
Since = ((E — V)f,g) H = (f,g) H - (Vf,g) H , we get 

(Vf,g) = (f,g), f £ D(V), g £ Ni, (246) 

and therefore 

11^/ + 9\\l = \\f\\ 2 H + (/, 9)h + (9, f)n + |M| 2 H = !!/ + *■ 



E 



A 



H 



1 - \Zq 



(Y ZQ @C(\-z G )) 
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Consider the following operator: 

U(f + g) = Vf + g, feD{V), g e N,. 

Let us check that this operator is well-defined on D{U) = D(V) + N±. Sup- 
pose that an element h G D(U) admits two representations: 

h = fi + gi = fa + g 2 , h, fa e D(V), g u g 2 G N v 
By (I245p we may write: 

\\Vfa+gi-{Vfa+g 2 )\\ 2 H = \\V(f 1 -fa) + (g 1 -g 2 )\\ 2 H = fa +9l -g 2 f H = 0. 

Thus, U is well-defined. Moreover, it is easily seen that U is linear. Us- 
ing (12461) we write: 

(U(f+g),U(f+g)) = (Vf+g,Vf+g) = (Vf,Vf) + (Vf,g) + (g,Vf) + (g,g) 

= (f, 7) + (/, g) + (g, 7) + (g, g) = {f + g, 7+ g), 

for arbitrary /, / G D{V), g,g G Ni. Therefore U is isometric. 

Suppose that there exists an element h G H, h ^ 0, h G D(V)C\N 1 . Then 

= U0 = U(h + (-h)) = Vh - h = (V - E H )h, 

what contradicts to the fact that the point 1 is a point of the regular type of 
V. Therefore 

D(V) fl iVi = {0}. (247) 

Observe that we a priori do not know, if D(U) is a closed manifold. Consider 
the following operator: 

W = U\ S , 

where the manifold S is given by the following equality: 

S = {he D{U) : h JL JVi} = D(U) n Mi. 

Thus, is an isometric operator with the domain D(W) = D(U) fl Mi. 
Choose an arbitrary element g G D{U). Let g = gu x + g^, gu x e M, 
g Nl 6 iVi C £>([/). Then g Mx = P^g G D{U), g Ml _L iVi. Therefore 

P&I>(17) C D(W). 

On the other hand, choose an arbitrary element h G D(W). Then ft G 
D(U)nMi, and therefore ft, = P§Ji G P^D{U). Consequently, we get 

D(W) = P^D(U) = P? h (D(V) + iVi) = Pg x D(V) C Ml 
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Choose an arbitrary element / 6 D(V). Let / = Jm 1 + /jVu /mi £ 
/ M G iVi. Then f-f Nl E D(U), and f - f Nl ± N u i.e. / - e £>(W). 
We may write 

- - /^) = (U - E H )(f -f Nl ) = U(f -f Nl )-f + f Nl =Vf- /; 

(W - .Eir)I>(W) D (V-E H )D(V) = Ml (248) 

On the other hand, choose an arbitrary element w G D(W), w = Wd(v)+Wn 1 , 
Wd(v) £ D(V), wn 1 G iVi. Since w J_ iVi, then 

w = P^w = P^w Diy) . (249) 

We may write 

(W - E H )w = Uw -w = Vw D(y) + w Nl - w D{y) - w Nl = (V - E H )w D( y)] 

(W - E H )D(W) C(V- E H )D(V) = Ml 
From the latter relation and relation (12481) it follows that 

(W - E H )D(W) = (V - E H )D(V) = Ml (250) 

Moreover, if (W — E H )w = 0, then (V — Ejj)wD(y) — 0; and therefore 
w d(V) = 0. By (12491) it implies w = 0. Consequently, there exists the inverse 
(W - Eh)- 1 . Using fl250|) we get 

D(W) = (W -E h Y 1 Ml 

Since D{W) C Mi, then by (12501) we may write: 

Ww = (W - E H )w + w G Ml 

D(W) C Mi, C Mi. (251) 



Consider the closure W of W with the domain D(W). By (125 ip we see that 

D(W) C Mi, WX>(W) C Mi. 

Then 

(W-^DfW) C Mi. 
On the other hand, by (I250p we get 

(W - E H )D(W) D (W - E H )D(W) = {W - E H )D(W) = Ml 
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We conclude that 

(W - E H )D(W) = Mi. (252) 

Let us check that there exists the inverse (W — E H )~ l . Suppose to the 
contrary that there exists an element h G D(W), h 7^ 0, such that (W — 
En)h = 0. By the definition of the closure there exists a sequence of elements 
h n G D(W), n G N, tending to h, and Wh n — > Wh, as n — > oo. Then 
(W — E H )h n —> Wh — h = 0, as n — >■ oo. Let /i n = /ii ;n + /i 2;n , where 
h-n G D(y), /i 2; „ eN u ne N. Then (W - £ H K = ^ - /i n = F/ii ;n + 
^2;n — ^i;n — ^-2;n = — E^hi-^. Therefore (V — En)h\^ n — )■ 0, as n — > oo. 
Since (V — has a bounded inverse, then hi. n — > 0, as n — > oo. Then 
/i n = P^hn = P^hi-n — > 0, as n — >■ oo. Consequently, we get /i = 0, what 
contradicts to our assumption. 

Thus, there exists the inverse (W-Eh)- 1 D (W-Eh)- 1 . By ([2S2D , (J2S0D , 
we get 

{W - Eh)- 1 = {W - E H )-\ 

and therefore 

W=W. 

hus, W may be considered as a closed isometric operator in a Hilbert space 
Mi- The operator (W — E^)- 1 is closed and it is defined on the whole M\. 
Therefore (W — Eh)~ x is bounded. This means that the point 1 is a regular 
point of W . Therefore W is a unitary operator in M\. In particular, this 
implies that D(W) = R(W) = M x . 

By the definition of W we get D{W) = M 1 C D(U), and U\ Ml = W. On 
the other hand, we have U\n ± = E^ 1 . Therefore D(U) = H and 

U = W@E Nl . 

So, U is a unitary operator. Therefore D(U) = R{U) = H, what implies 

D(V) +Nx = H, R(V) +Ni = H. (253) 

The first sum is direct by f)247p . Suppose that h G R(V)nNx. Then h = Vf, 
f G D(V), and we may write: 

= Vf + (-h) = U(f + (-h)). 

Since U is unitary, we get f = h = Vf, (V — E H )f = 0, and therefore / = 0, 
and h = 0. Thus, the second sum in f)253p is direct, as well. So, we proved 
the theorem in the case ( = 1. 

In the general case we can apply the proved part of the theorem to the 
operator V := (V. □ 
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Corollary 4.2 In the conditions of Theorem \4-3\ the following decomposi- 
tions hold: 

(H D(V)) + M c = H; 
{HeR{V))+M c = H. 

Proof. The proof is based on the following lemma. 

Lemma 4.2 Let Mi and M 2 be two subspaces of a Hilbert space H such that 
Mi n M 2 = {0}, and 

M 1 + M 2 = H. 

Then 

(H MO + (H M 2 ) = H. 

Proof. Suppose that an element h G H is such that h G ((H Mi) D (H 
M 2 )). Then h ± M u h ± M 2 , and therefore h±(M 1 + M 2 ), h±H,h = 0. 

Suppose that an element g G H satisfies the following condition: g _L 
{(H Mi) + (H Q M 2 )). Then g G Mi, ^ G M 2 , and therefore ^ = 0. □ 

Applying the last lemma with Mi = D(V), M 2 = N c , and Mi = R(V), 
M 2 = N^, we complete the proof of the corollary. □ 

4.3 Isometric operators with lacunas in a spectrum. 

Let V be a closed isometric operator in a Hilbert space H. An open arc A 
of T is said to be a gap in the spectrum of the isometric operator V, 

if all points of A are points of the regular type of V. Above we considered 
conditions when for a prescribed open arc ACT and a spectrak measure 
F(<5) there holds: F(A) = 0. We shall see later that a necessary condition 
of the existence at least one such spectral function is that A is a gap in the 
spectrum of V. 

Theorem 14.21 provides conditions, extracting parameters C{\\zq) in the Inin 
formula, which generate generalized resolvents (and therefore the correspond- 
ing spectral functions), which have an analytic continuation on B U D e U A 
(we can apply this theorem with A instesd of A). By Proposition 14.11 for 
these generalized resolvents there corresond spectral functions F(5) such that: 
F(A) = 0. Moreover, the extracted class of parameters C(X;zo) by condi- 
tion 3) of Theorem 14. 2\ depends on the operator V. Our aim here will be to 
find instead of condition 3) other conditions, which will not use V. 

Lemma 4.3 Let V be a closed isometric operator in a Hilbert space H , and 
C G T. Then 

VPE oiv) f = C^y)/, V/ G N C (V), (254) 
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and therefore 

U PM (V)f\\ = \\PL(v)f\\ , V/ G N C (V); (255) 
\ P N (v)f\\ = \\PL(v)f\\ > V/ G JV C (V). (256) 



Proof. Choose an arbitrary element / G N^. For an arbitrary element 
u G D(V) = Mq we may write: 

(C 1 / - VPE (v) f, Vu) R = C\f, Vu) H - (P* (v) f, u) H 

= (/, (Vu) H - (f, u) H = (f, ({V - E H )u) H = 0. 

Therefore (C -1 / — V"P^ /) _L M^. Applying to this element we 

get (12541) . Relation (I255p is obvious, since V is isometric. Then it easily 
follows (12561) . □ 

Lemma 4.4 Let V be a closed isometric operator in a Hilbert space H , and 
C be a linear bounded operator in H, D(C) = N (V), R{C) C N^V). Let 
C G T be such number that £ _1 be an eigenvalue of the operator V^ c = V®C . 
If f G H, f 0, is an eigenvector of V^ c , corresponding to then 
f G N C {V), and 

Proof. Let / be an eigenvalue of V^ c , corresponding to the eigenvalue 

C _1 eT: 

(v © of = vp»j + cp*f = c 1 (p*j + p§j) ■ 

By the orthogonality of summands, the last relation is equivalent to the 
following two conditions: 

VPSof = C 1 PmJ; (258) 

CP$J = C'PSJ, (259) 

and (E5ZD follows. Relation ([258]) implies Pjg^C -1 / - VP§J) = 0; (C -1 / - 
VP^gf) -L Mqo. For an arbitrary element u G -D(V) we may write: 

= (r 1 / - VPSJ, Vu) H = C\f, Vu) H - [P»J, u) H 

= (f, (Vu) H - (/, u) H = (f, ((V - E H )u) H . 
Therefore / G N c . □ 
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For an arbitrary number ( G T, define an operator in the following 

way: 

W ( P%J = C 1 PnJi fzN c , (260) 
with the domain D(W$) = P^ Q N^. Let us check that this definition is correct. 
If an element g G D(W^) admits two representations: g = P$ fi = Pn a hi 
fi, / 2 e N then P* o {h - f 2 ) = 0. By d2SSD this implies Pgjft - f 2 ) = 0, 
and therefore the definition is correct. 
Observe that W$ is linear and 

II^C-^jvo/Hh = H-P/vL/lli/ = ll-fjvo/lli/- 

Thus, the operator is isometric. Notice that R(W^) = P^ N^. 
Set 

S — Pn Q = Pn x \n c 

In what follows, we shall assume that is a point of the regular type of V. 
Let us check that in this case the operators S and Q are invertible. Suppose 
to the contrary that there exists an element / G N^, f ^ 0: Sf = P$ f = 0. 
Then / = P^J ^ 0. By Theorem PI we get / G M n iV c = {0}. We come 
to a contradiction. 

In a similar manner, suppose that there exists an element g G N$, g ^ 0: 
Qf = P^f = 0. Then g = P^g ^ 0. By Theorem S3] we obtain that 
g G Mqo H N{ = {0}. We come to a contradiction, as well. 
By Theorem 14.31 we get 

PlN c = N ; P^N^N^. 

Thus, the operators S* -1 and Q" 1 are closed and they are defined on subspaces 
N and N^, respectively. Therefore S -1 and Q~ l are bounded. From (12601) 
we see that D(W C ) = N , R{W ( ) = N^, and 

W c = C^QS' 1 . (261) 

Theorem 4.4 Let V be a closed isometric operator in a Hilbert space H , 
and C be a linear bounded operator in H , D(C) = N (V), R(C) C N^^V). 
Let ( G T, and be a point of the regular type of V . The point (~ 1 is an 
eigenvalue of V^ c = V © C, if and only if the following condition holds: 

{C-W<)g = 0, geN (V), g^0. (262) 

Proof. Necessity. Since £ _1 is an eigenvalue of V^ c = V © C, then by 14.41 
we obtain that there exists / G N^, f ^ 0, such that 

CPgf = C'PnJ- (263) 
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Comparing the last relation with the definition of we see that CP$ f = 
W ( Pgf. Set g = pnj = Sf. Since S is invertible, then g ^ 0. 

Sufficiency. From (I262p we get (1263 j) with / := S^g. By Lemma [4.31 
we see that relations (I258p . (l259p hold. This is equivalent, as we have seen 
before (12581) . that C _1 is an eigenvalue of V^ c = V © C, corresponding to 
eigenvector /. □ 

Theorem 4.5 Let V be a closed isometric operator in a Hilbert space H , 
and C be a linear bounded operator in H, D{C) = N (V), R{C) C N^iV). 
Let ( G T, and is a point of the regular type ofV. The following relation 

R Kc - C'Eh) = H, (264) 

holds if and only if the following relations hold: 

(C-W c )N (V)=N oo (V); (265) 

P^M ( (V) = M^V). (266) 

Proof. Necessity. Choose an arbitrary element h G iVoo. By (I264p there 
exists an element x G H such that 

(V+ c - C l E H ) x = (V@C)x- C 1 ^ = h. (267) 

For an arbitrary u G D(V) we may write: 

(x, (E H - (V)u) H = {x, (V- 1 - (E H )Vu) H = (x, ({V+ c )* - (E H )Vu) H 

= ((V+c - C 1 E H )x, Vu) h = (h, Vu) H = 0, 
and therefore x G N^. Set g = Sx G N . Using (126 ip write: 

[C -W c )g = CSx - W c Sx = CSx - (^Qx. 

Since h G N^, we apply P§ to equality (12671) and get 

CPn x ~ C 1 Pn 00 x = 
CSx — C Q x — h. 

Therefore 

(C - W ( )g = h, 

and relation (I265p holds. 
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Choose an arbitrary element h G M^. By (12641) there exists x G H such 
that 

(Kc ~ C l E H ) x = (V®C)x- C'x = h. 
The last equality is equivalent to the following two equalities, obtained by 

)H . 



an application of projectors P^ and Pf 



VP» x-C 1 PM oo x = h; (268) 

CPg o x-C l PgJi= 0- (269) 
By Theorem 14.31 we may write: 

x = x D (V) + x N( , x D( y) G D(V), x N( G N c . 

Substituting this decomposition in (1269 j) we get 

CPn x n c - C 1 Pn 00 x n c - C 1 Pn x x d{v) = 0; 

{C-W ( )Pg tt x N< = C x PL x D<y)- 
On the other hand, substituting the decomposition in (1268P we obtain that 

Vx D{V ) + VP^ Q x N( - C^P^Div) - C 1 Pm x x n c = h) 

Vx D(y) - C x PMjtD(y) = h, 
where we used Lemma [4. 3[ Then 

PMjV-C 1 E H )x D(y) = h, 

and relation (I266P follows directly. 

Sufficiency. Choose an arbitrary element h G H, h = hi + h 2 , hi G M^, 
h 2 £ ^oo- By (I265P there exists an element g G N such that 

(C-W c )g = Cg-W c g = h 2 . 

Set x = S~ l g G iVf. Then 

CSx — ( Qx — h 2 ; 
P»JV © C)P»x - C'P^x = h 2 ; 

PL iKc x ~ C' x ) = h 2 . 
By Lemma 14.31 we may write: 

PL (v % x - C'x) = vp» o x - C x pL* = °- 
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Therefore 

(V+ c - C X E H ) x = h 2 . (270) 
By (1266 j) there exists an element w G such that 

PL™ = h i- 

Let 

w — (V — C l E H )x D {v), xd{v) e D(V). 

Then 

Vx D(v) - C 1 PmJd { v) = h. (271) 
By (I265P there exists r <E N Q such that 

Set x N( := S^r G N ( . Then 

CPg a x Nc - C'PnJn, - C 1 P$Jd { v) = 0. (272) 
Set x = xd(v) + xn c - By (12721) we get 

CP§ n x-C x P§J=& (273) 
Using relation (12711) and Lemma [4.31 we write: 

h x = Vx D{V ) - C^PmJ^dw + VPm x Nc - C -1 -FaL^c 

= VP^x-C X PmJ. (274) 
Adding relations (12731) and (12741) we get 

(V © C)x - C l x = (V+ c - C^Eh) x = h v (275) 

Adding relations (12701) and (12751) we conclude that relation (I264p holds. □ 

Theorem 4.6 Let V be a closed isometric operator in a Hilbert space H , 
and A be an open arc o/T such that C -1 is a point of the regular type ofV, 
W( G A. Suppose that the following condition holds: 

PL(v)M C (V) = AUK), VC G A. (276) 

Let R 2 = H Z (V) be an arbitrary generalized resolvent of V , and C(A;0) G 
iS(B; iVo, A^) corresponds to H Z (V) by Inin's formula (ff5j). The operator- 
valued function R Z (V) has an analytic continuation on a set D U D e U A if 
and only if the following conditions hold: 
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1) C(A; 0) admits a continuation on a set D U A and this continuation is 
continuous in the unform operator topology; 

2) The continued function C(A; 0) maps isometrically N (V) on the whole 
Noo(V), for all A G A; 

3) The operator C(A; 0) — W\ is invertible for all A G A, and 

(C(A; 0) - Wx)N (V) = N^V), VA G A. (277) 



Proof. Necessity. Suppose that H Z (V) has an analytic continuation on a 
set DUD e U A. By Corollary 14. II we conclude that conditions 1) and 2) hold, 
and the operator (E H - AV C (a ; o);o) _1 = ~{((V © C(A;0)) - jEh)' 1 exists 
and it is defined on the whole H, for all A G A. By Theorem 14.41 we obtain 
that the operator C(A; 0) — W\ is invertible for all A G A. By Theorem 14.51 
we obtain that relation (I277p holds. 

Sufficiency. Suppose that conditions l)-3) hold. By Theorem 14.51 we 
obtain that R((V © C(A; 0)) - \E H ) = R(E H - \V c{ x- m ) = H. By The- 
orem H3] we see that the operator (V © C(A;0)) — \E H is invertible. By 
Corollary 14. II we obtain that H Z (V) admits an analytic continuation on a set 
DUD e U A. □ 

Remark 4.1 By Corollary \4-l\ if H Z (V) has an analytic continuation on 
a set D U D e U A, then ((V © C(A; 0)) - jEh)' 1 exists and it is bounded. 
Therefore the point A -1 , A G A ; are points of the regular type ofV. 
On the other hand, by Theorem \4-5\ in this case condition \27b\j holds. Thus, 



by Proposition condition \276\) and a condition that points A -1 , A G A, 
are points of the regular type ofV, are necessary for the existence of a spectral 
function F of V such that F(A) = 0. Consequently, these conditions do not 
imply on the generality of Theorem \4-6\ 

Now we shall obtain an analogous result but the corresponding conditions 
will be put on the parameter C(A; ^o) of Inin's formula for an arbitrary z G D. 
Before to do that, we shall prove the followng simple proposition: 

Proposition 4.2 Let V be a closed isometric operator in a Hilbert space H , 
and zq G D be a fixed number. For an arbitrary ( 6 T the following two 
conditions are equivalent: 

(i) C 1 G Pr (V); 

(n) l -^§^Pr{V Z0 ). 
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Proof, (i) =>- (ii). We may write: 

V Z0 -^f^E H = (V-z^E^iEH-zoVy'-^^iEH-zoV^EH-zoV)- 1 

= C(1 ~ W) {V - - ^o^)" 1 . 

The operator in the right-hand side has a bounded inverse, defined on (V — 

C l E H )D{V). 

(ii) =>■ (i). We write: 

v - ~e h = (y, + -vE h ){e h + ^oKj- 1 - + z ^ )(£h + ^oKo)" 1 



c 

and therefore the operator on the right has a bounded inverse, defined on 
(V zo - 10^E H )D(V ZO ). □ 

Theorem 4.7 Let V be a closed isometric operator in a Hilbert space H, 
and A be an open arc of T such that (~ 1 is a point of the regular type of 
V , VC G A. Let z G © be an arbitrary fixed point, and suppose that the 
following condition holds: 

Pg l(y) M_ sa±L {V) = M sL (V), VCGA. (278) 

Let Rj = R Z (V) be an arbitrary generalized resolvent of V , and C(X;zq) G 

«S(D; N zo , N±) corresponds to H Z (V) by the Inin formula I[2~d°\) . T/ie operator- 
Hi 

valued function R Z (V) has an analytic continuation on a set D U D e U A if 
and only if the following conditions hold: 

1) C(A; zq) admits a continuation on a set DU A, which is continuous in 
the uniform operator topology; 

2) The continued function C(A; z ) maps isometrically N Z0 (V) on the whole 
N±(V), for all A G A; 

3) The operator C(A; z ) — W\- zo is invertible for all A G A, and 

(C(A; z ) - W X]Z0 )N Z0 (V) = N±{V), VA G A. 

Here the operator-valued function W\- zo is defined by the following equal- 
ity: 

W X;Z0 P» ' {v) f = Lz^h.p* i(y) f, f g N X (V), A G T. 
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Proof. At first, we notice that in the case Zq = this theorem coincides 
with Theorem 14.61 Thus, we can now assume that zq G ©\{0}. 

Suppose that R Z (V) admits an analytic continuation on a set DUD e U A. 
Recall that the generalized resolvent H Z (V) is connected with the general- 
ized resolvent R z (V Zo ) of V Zo by (|29i) and this correspondence is one-to-one. 
Therefore H Z (V Z0 ) admits an analytic continuation on a set T e U Aj, where 



By Proposition 14. 2[ points t G Ai, are points of the regular type of the 
operator V zo . Moreover, relation f)276p . written for V ZQ with ( G A 1; coincides 
with relation f)278p . We can apply Theorem 14.61 to V Zo and an open arc A x . 
Then if we rewrite conditions l)-3) of that theorem in terms of C(A; z ), using 
the one-to-one correspondence between C(\;zo) for V, and C(A;0) for V Zo , 
we easily obtain conditions l)-3) of the theorem. 

On the other hand, let conditions l)-3) be satisfied. Then conditions of 
Theorem l4.6l for V Zo hold. Therefore the following function H Z (V Z0 ) admits an 
analytic continuation on T e U Ai. Consequently, the function R Z (V) admits 
an analytic continuation on D U D e U A. □ 

4.4 Spectral functions of a symmetric operator having 
a constant value on an open real interval. 

Now we shall consider symmetric (not necessarily densely defined) operators 
in a Hilbert space and obtain simlar results for them as for the isometric 
operators above. The next proposition is an analogue of Proposition 14. 1L 

Proposition 4.3 Let A be a closed symmetric operator in a Hilbert space H , 
and E(5) ; 5 G 23 (R), be its spectral measure. The following two conditions 
are equivalent: 

(i) E(A) = ; for an open (finite or infinite) interval A C R; 

(ii) The generalized resolvent H Z (A), corresponding to the spectral measure 
E(£) ; admits an analytic continuation on a set R e U A, for an open 
(finite or infinite) real interval A C R. 

Proof. At first, suppose that the interval A is finite. 
(i)=^(ii). In this case relation (I3"5l) has the following form: 




(R\h,g) H 




V/i, geH. 



(279) 
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Choose an arbitrary number z G A. Since the function is continuous 
and bounded on M\A, then there exists an integral 

h (h,g):= [ -J—d(E(-)h : g) H . 

Then 

\(R z h,h) H - I Z0 (h,h) \ = \z-zq 



<\z-Zq\ - r- rd(E(-)h,h) H , ze 



T\A 



\t — z\\t — Z 



There exists a neighborhood U(z ) of the point z such that \z — t\ > M x > 0, 
V£ G M\A, \/z G U(zo). Therefore the integral in the latter relation is 
bounded in the neighborhood U(z ). We obtain that 

(R z h, h) H ->■ I ZQ (h, h), z G R e , z ->■ z 0) V/i G if. 

Using the properties of sesquilinear forms we conclude that 

(R z h,g) H ->■ I Z0 (h,g), zeR e ,z^z , Vh,geH. 

Set 

:= w. — lim R z , Vz6 A. 

We may write 

(— !— (Rs-RJm) = / 77 7^7 S d(E(.)h,h) H , 

\Z-Zq J H J R \A (t - Z)(t - Zq) 

z G U(z ), he H. 

The function under the integral sign is bounded in U(zo), and it tends to 
( f _^ )2 ■ By the Lebesgue theorem we get 

l im (—t—^-R ) hjh \ =f 1 d(E(-)h,h) H] 

z^zo \z-Zo J H Jm\A {t - Zo) 2 

and therefore 

lim ( — !— (R z -R Z0 )h,g) =[ d(E(-)h,g) H , 

z^zo \Z-Z J H JM\A (t - Z ) 2 

for h,gEH. Consequently, there exists the derivative of H z at z = z . 
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(ii)=^(i). Choose an arbitrary element h £ H, and consider the following 
function o>j(t) := (E t h,h)H, t G R, where E t is a left-continuous spectral 
function of A, corresponding to the spectral measure E(<5). Consider an 
arbitrary interval [^1,^2] C A. Assume that t± and t<i are points of the 
continuity of the function E 4 . By the Stieltjes- Perron inversion formula : 

Vhfa) - &h(ti) = lim / lm{(R x+iy h,h) H }dx. 

If { z n}^=i, z n £ is an arbitrary sequence, tending to some real point 
x £ [ti,t 2 ], then 

z n — > x = x, n — > 00. 

By the analyticity of the generalized resolvent in a neighborhood of a;, we 
may write: 

R Zk R^, R* fc R*, k 00. 
By property fl36l) we get 

R^^R^^R,,, 

Therefore 

R; = R a ., xe[ti,t 2 ]. 
Using the last equality we write: 

lm{(R x+i yh,h) H } ->• Im{(R x h, h) H } = 0, y ->■ +0, xe[ti,t 2 ]-- 

Since the generalized resolvent is analytic in [£1, £2], then the function 1m {(R, x+ i y h, h)n} 
is continuous and bounded on [ti,^]- By the Lebesgue theorem we get 

Since points were arbitrary it follows that the function <Jh{t) = (E t h, H)h is 
constant on A. Since h was arbitraryusing properties of sesquilinear forms 
we obtain that E t is constant. 

Consider the case of an infinite A. In this case we can represent A as a 
countable union (not necessarily disjunct) finite open real intervals. Applying 
the proved part of the proposition for the finite intervals we easily obtain 
the required statements. We shall also need to use the cr-additivity of the 
orthogonal spectral mesures. □ 

The following auxilliary peoposition is an analog of Proposition 14.21 

Proposition 4.4 Let A be a closed symmetric operator in a Hilbert space 
H , and Xq £ M e be a fixed number. For an arbitrary A £ R the following two 
conditions are equivalent: 
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(i) A e p r (A) ; 

W n!^A(A)), c/a (^) - A. 

Proof, (i) =>■ (ii). We may write: 

UxM) - ^— ^E H = E H + (A - A^)(A - Ao^)- 1 - r J5* 

A — Ao A — Ao 

_ A - A f . w „ w 



-(A-A^)(A-A ^; 



A-A 

The operator on the right-hand side has the bounded inverse: 

_ A^^A-XqEh^A-XEh)- 1 = == + (A - A )(A - A^)- 1 ) 

Ao — Ao Ao — Ao 

defined on A^a(^4)- 

(ii) =>■ (i). The following relation holds: 

A - AE H = Ao^h + (Ao - T )(U Xo (A) - Eh)- 1 - XE H 

= (Ao - X)(U Xo (A) - ^Y q Eh)(U Xo (A) ~ Eh)- 1 - 
The operator on the right has the bounded inverse: 

l „ \-T 



(U Xo (A) ~ E H )(U Xo (A) ~ ^^E H )-\ 



Ao — A A — A_ 

defined on (U Xo (A) ~ ^E H )D(U Xo (A))- □ 

We shall need one more auxilliary proposition which is an addition to 
Theorem 12.61 

Proposition 4.5 Let A be a closed symmetric operator in a Hilbert space H , 
and z G M e be a fixed point. Let A C M be a (finite or infinite ) open interval, 
and R s; a(^4) be a generalized resolvent of A. The following two conditions 
are equivalent: 

(i) The generalized resolvent R s; a(A) admits an analytic continuation on 
a set R e U A; 

(ii) The generalized resolvent H U -^(U Z (A)) , corresponding to the generalized 
resolvent R s; a(^4) by the one-to-one correspondence [JW from Theo- 
rem \2.b\ has an analytic continuation on T e U A ; where 

( G T : C = A G A 1 . (280) 

A — z 
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If condition (i) is satisfied, the the following statements are true: 

the interval A consists of points of the regular type of A; (281) 

Pm^a)M x (A) = M-(A), VAgA, (282) 
Moreover, condition 11281}) is equivalent to the following condition: 

the interval A consists of points ( such that (~ 1 is a point 

of the regular type of U Z (A); (283) 
and condition I1282\) is equivalent to the following condition: 

Pm M a))M c (U 2 (A)) = M^U^A)), VC e A. (284) 

Proof. (i)=^(ii). Notice that the linear fractional transformation £ = 
maps the real line on the unit circle. Relation ( 140]) in terms of ( reads 

Ru;dU z ) = T ^E H + (z-z)j T ^R s .^(A), CeT e \{0}. (285) 

Choose an arbitrary point ( G A. Set A = G A. Consider an arbi- 
trary sequence {(k}kLi, (k £ T e \{0}, tending to (. The sequence {Afc}^, 
'■= e ^e\{z,z}, tends to A. Writing relation f!285p for elements 

of this sequence and passing to the limit we conclude that the generalized 
resolvent R u; c(£4) can be continued by the continuity on A. For the limit 
values relation ( 1285 j) holds. From the analyticity of thr right-hand side of 
this relation it follows the analyticity of the continued generalized resolvent 

(ii)=>(i). Let us express from (jl"01) the generalized resolvent of A. 

(286) 

Proceeding in a similar manner as inthe proof of the previous assertion we 
show that R s; a(A) admits a continuation by the continuity on A, and this 
continuation is analytic. 

Let condition (i) be satisfied. By the proved part condition (ii) holds, as 
well. As it was noticed in Remark 14.1 [ in this case there hold conditions (1283 j) 
and f)284p . It is enough to check the equivalence of relations ( 128 ip and ( I283p , 
and also of relations f !282j) and (I284p . The first equivalence follows from the 
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definition of A and by Proposition 14.41 The second equivalence follows from 
relation: 

M 00 (C/,(A)) = Mz(A), M ( (U Z (A)) = M^(A), (gA. 

□ 

Proposition 4.6 Let A be a closed symmetric operator in a Hilbert space 
H , and z G M e be an arbitrary fixed point. Let A C R be a (finite or 
infinite) open interval, and conditions 11281]) and 11282]) hold. Consider an 
arbitrary generalized resolvent H s -x(A) of A. Let H U ^(U Z (A)) be generalized 
resolvent, corresponding to H s -x(A) by relation fijffl from Theorem \2.6\ and 
C(A;0) G S(B; N (U Z (A)), N 00 '(U Z (A))) corresponds to R U . C (U Z (A)) by Imn's 
formula &5\) . 

The generalized resolvent H S .\(A) admits an analytic continuation on M e U 
A if and only if the following conditions hold: 

1) C(A; 0) admits a continuation on D U A and this continuation is con- 
tinuous in the uniform operator topology; 

2) The continued function C(A;0) maps isometrically N (U Z (A)) on the 
whole N^iU^A)), for all A G A; 

3) The operator C(A; 0) — W\ is invertible for all A G A, and 

(C(A; 0) - W X )N (U Z (A)) = N^U^A)), VA G A, (287) 
where the operator-valued function W\ is defined for U Z (A) by 11260]) . 
Here A is from A280]) . 

Proof. By Proposition l4.5l a possibility of an analytic continuation of R s; a(^4) 
on M e UA is equivalent to a possibility of an analytic continuation of H U -^(U Z (A)) 
on T e U A. Using the equivalence of conditions (I28ip . (j282p and condi- 
tions f )283p . fl284p we can apply Theorem 14.61 for U Z (A) and A, and the re- 
quired result follows. □ 

Consider an arbitrary symmetric operator A in a Hilbert space H. Fix 
an arbitrary number z G M. e . Consider an arbitrary generalized resolvent 
R s; a(A) of A and the corresponding to it by f)286p the generalized resolvent 
R M: ^([/ 2 ) of U Z (A). The linear fractional transformation £ = j5f maps U z 
onD. Restrict relation f)286p on U z : 

R S ;a(^) = 7T _~f , U U .^(U Z ) - ^4E H ) , A G Tl z \{z}. 
(A — z)(X — z) \ a— z z — z J 



131 



For the generalized resolvent R u .*-*(Ur) we can use the Chumakin formula, 

' A — z 

and for the generalized resolvent R s; a(v4) we can apply the Shtraus formula: 

(A F (X),z - xE H y l 

X-z 



z — z 



(X-z)(X-z) 



E H — 



-Eh 

z — z 



X-z 

x g u z \{z}. 

where F(X) is a function from S a;z (H z ;N z (A),N z (A)), $^ is a function from 
<S(D; N (U Z (A)), N 00 (U Z (A))) = ' S(D;Af z (A),Af z (A)). Observe that $ c = 
C((;0), where C((;0) is a parameter from the Inin formula, corresponding 
to R. U .±=±{U Z ). After some transformations of the right-hand side we get 



X-z 



X-z,) — E 

X-z 



X-z 



H 



E 



X-Z 



(U z © $A^) 



X e u z \{z}. 

(28 



If for some h G H, h ^ 0, we had (^(U z © $a^z) — E^j h = 0, then we we 



would set g 



h 7^ 0, and from 



we would get 



(A F{x)tZ - XE H ) x g = 0, 



X-z/ 



what is impossible. Therefore there exists the inverse ( (U z © $ a- ) — E 
Then 

-i 



Af(\),z — ^E f 



(X-z) 



E 



H 



X — z 



X — z ' 

After elementary transformations we get 



([U z ®$x^)-Eh) , XeU z \{z}. 



A 



F(\),z 



zE H + (z-z) ({U z © $a^) - E H 



X G Tl z \{z}. 



Recalling the definition of the quasi- self- adjoint extension Apt\\ z we write: 

((U z © F(X)) - En)' 1 = ((U z © §x^) -E H ]' 1 
U z ®F(X) = U z ®$x^, XeU z \{z}. 

X — z 
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Therefore 

F(X) = = C ( ^— 4; ] , A g n 2 , (289) 

where the equality for A = z follows from the continuity of F(X) and $£. 

Theorem 4.8 Let A be a closed symmetric operator in a Hilbert space H , 
and z G M. e be an arbitrary fixed point. Let A C R be a (finite or infinite ) 
open interval, and conditions \281\) and h282\) hold. Consider an arbitrary 
generalized resolvent ~R S .\(A) of A. Let F(X) G S a . z (Il z ;J\f z (A),M z (A)) cor- 
responds to H s -x(A) by the Shtraus formula U66\) . The generalized resolvent 
H S] x(A) admits an analytic continuation on l e UA if and only if the following 
conditions hold: 

1) F(X) admits a continuation onR e U A and this continuation is contin- 
uous in the uniform operator topology; 

2) The continued function F(X) maps isometrically M Z {A) on the whole 
Af-(A), for all X G A; 

3) The operator F(X) — W\ is invertible for all A 6 A, and 

(F(A) - W X )M Z (A) = Af z (A), VA G A, (290) 
where W\ = Wx-z, X E A, and W ( is defined for U Z (A) by IfUM) . 

X — z 

Proof. For the generalized resolvent R s; a(^4) by ( 1286 j) it corresponds a gen- 
eralized resolvent of the Cayley transformation Tt u ^(U z (A)). Let C(£;0) G 
iS(D; Nq(U z (A)), N^U^A))) be a parameter from Inin's formula, correspond- 
ing to R U .^(U Z (A)). Consider an arc A from (12801) . 

Necessity. Let the generalized resolvent R s; a(^4) admits an analytic contin- 
uation on R e U A. By 14.61 for the parameter C((; 0) it holds: 

(a) C(C; 0) admits a continuation on © U A and this continuation is con- 
tinuous in the uniform operator topology; 

(b) The continued function C((; 0) maps isometrically N (U Z (A)) = M Z {A) 
on the whole N OB (JJ z {A)) = Af z (A), for all (gA; 

(c) The operator C((; 0) — W$ is invertible for all ( G A, and 

(C(C; 0) - W C )N (U Z (A)) = N^U^A)), VC G A, (291) 
where W c is defined for U Z {A) by fl260l . 
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Define a function F + (\) in the following way: 

F+(X) = C (j^l 0\, A 6 II 2 U A. (292) 

By (I289p this function is an extension of the parameter F(X), corresponding 
to the generalized resolvent by the Shtraus formula. From condition (a) it 
follows that this continuation is continuous in the uniform operator topology. 
From condition (b) it follows that F + (X) maps isometrically M Z {A) on the 
whole Af-(A), for all A G A. Consider a function W\ = W\-z, X G A. From 

\—~z 

condition (c) it follows that F + (X; 0) — W\ is invertible for all A G A, and 



(F+(A) - W x )Af z (A) = Ng{A), VA G A. 

Sufficiency. Suppose that for the parameter F(X), corresponding to the 
generalized resolvent R s; a(A) by the Shtraus formula, conditions l)-3) hold. 
Define a function C + ((; 0) in the following way: 

CV(C;0) = F (j^fj . CeeuA. (293) 

By ( 1289 j) this function is a continuation of the parameter C(£;0). From 
condition 1) it follows that this continuation is continuous in the uniform 
operator topology. From condition 2) it follows that C + ((; 0) maps isometri- 
cally N (U Z (A)) = M Z {A) on the whole N^U^A)) = Af^A), for all ( G A. 
Finally, condition 3) means that C+((;0) — is invertible for all ( G A, 
and 

(C+(C; 0) - W C )N {U Z {A)) = N^UM)), V( G A. 

By Proposition 14. 61 we conclude that the generalized resolvent R s; a(^4) admits 
an analytic continuation on R e UA. □ 

Notice that by (I260p the function W\ fron the formulation of the last 
theorem has the following form: 



W aPvW = ^PiKA)f, f e ^a(A), A G A. 



Moreover, we emphasize that conditions ( 1281 j) and ( I282p are necessary for the 
existence at least one generalized resolvent of A, which admits an analytic 
continuation on M e U A. Consequently, these conditions does not imply on 
the generality of a description such generalized resolvents in Theorem 14.81 
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5 Formal credits. 

Section [21 §2.11 Results of this subsection, except for Propositions, 
belong to Chumakin, see [I], [6]. Propositions 12 . Hl273l belong to Shtraus, 
see (37J, footnote on page 83], [lOl Lemma 1.1, Lemma 1.2]. 
§2.21 Chumakin's formula appeared in papers of Chumakin [I] and [6]. 
§2.31 Inin's formula was obtained in the paper [I5J Theorem]. Our proof dif- 
fers from the original proof and it is based directly on the use of Chumakin's 
formula for the generalized resolvents and a method which is similar to the 
metod of Chumakin in the paper [5]. 

§2.41 The definition of the generalized resolvent of a symmetric, not nec- 
essarily densely defined operator in a Hilbert space belongs to Shtraus and 
he established its basic properties, see [37], [JT]. A connection between the 
generalized resolvents of a symmetric operator and the generalized resolvent 
its Cayley transformation (Theorem 12. 6j) ina somewhat less general form was 
established by Chumakin in [5]. 

§2.51 The Shtraus formula was obtained in [27J. Our proof differs form the 
original one and we follow the idea of Chumakin, proposed in [5]. 

Section [3j This section is based on results of Shtraus from papers [37] . 
[38] . [39] . [4"0] . [UJ, see also references in these papers. 

Section [H §4.11 Proposition 14. 1 1 is an analog of Theorem 3.1 (A),(B) in a 
paper of McKelvey [29], see also [131 Lemma 1.1]. Theorem 14.11 is an analog 
of Theorem 2.1 (A) in a paper of McKelvey [29]. Theorem 14.21 is an analog 
of Theorem 2.1 (B) in a paper of McKelvey [29]. 




§4.21 Theorem 14.31 appeared in [351 Lemma 1] . However her proof was based 
on a lemma of Shmulyan [361 Lemma 3] . As far as we know, no correct proof 
of this lemma was published. An attempt to proof the lemma of Shmulyan 
was performed by L.A. Shtraus in [4"21 Lemma]. Unfortunately, the proof 
was not complete. We used the idea of L.A. Shtraus for the proof a weaker 
result: Theorem 14.31 

§4.31 Results of this subsection mostly belong to Ryabtseva, in some cases 
with our filling of gaps in proofs, corrections and a generalization. For Lem- 
mas I4.3[ 14.41 see Lemma 2 and its corollary, and also Lemma 3 in [35] . Theo- 
rem U3] was obtained in [351 Theorem 1]. Theorem 14.51 is a corrected version 
of Theorem 2 in [35] . Theorem 14.61 is a little corrected version of Theorem 4 
in [35]. For Proposition 14.21 see [TBI P- 34]. 

§4.41 Proposition 14.31 is contained in Theorem 3.1 (A),(B) in a paper of 
McKelvey J2pJ, see also [4"3"j Lemma 1.1]. Theorem 14.81 is close to results of 
Varlamova-Luks, see [4"B1 Theorem], [4"4T Theorem 2], [4"3| Theorem 3.1]. 
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